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Abstract. A new class of variable step-size methods for dynamic multibody problems is pre-
sented. The step-size selection is specifically designed for multibody dynamics, and is not de-
rived under continuity assumption, as in conventional step-size control. Instead, additional
system specific information, in particular contact power, is used to provide a control objective
in the step-size control.

Numerical examples are given for: (i) A simple, but numerically intricate, contact problem
with strongly alternating time-scales (contact – non-contact). (ii) An industrial dynamic rolling
bearing problem, with complex tribologic contacts (realised in the simulation software BEAST,
developed at SKF). The examples indicate good performance in comparison with a standard
adaptive ODE solver.
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1 INTRODUCTION

In this paper a new class of variable step-size numerical integration methods is presented.
Contrary to conventional step-size control, the step-size selection in these methods is specif-
ically designed for dynamic multibody problems, here referred to as multibody initial value
problems (MB-IVPs). We concentrate on rigid systems with contacts. One of the main points in
the paper is to use contact power as a guiding quantity in the step-size control.

The motivation for the research comes directly from the industry. Indeed, it has been noted
at SKF that standard step-size control often leads to inefficient time-step selection, or even to
failures, for industrial non-smooth MB-IVPs with complex contacts. This is so, especially when
accuracy demands are relatively low. Our intention is to develop variable step-size methods that
are not derived under smoothness assumptions on the solution, which is the case in standard
step-size control.

It should be noted that our work is in a preliminary stage. Rigourous analysis of the methods,
e.g. convergence results and the connection between control quantities and error estimates, is
under progress, but is not presented here. Rather, the objective of the paper is to illustrate some
new ideas, and to support these ideas with numerical examples.

The paper is organized as follows. In Section 2 we give the problem formulation and intro-
duce the notation used throughout the paper. In Section 3 a brief review of step-size control
is given. The purpose is to point out key properties of different approaches. In Section 4 we
develop a theoretic framework, which is utilized in Section 5 to derive a new class of meth-
ods. One of these methods is tested in Section 6, in particular on an industrial dynamic rolling
bearing problem. Here, the software BEAST developed at SKF is used.

2 PROBLEM FORMULATION

In this section we formulate the problems of interest within the notion of analytic mechanics.
For background reading, we refer to [1] or [11].

Let Qi denote the di –dimensional configuration manifold of body i , and the co-tangent bun-
dle T ∗Qi its phase space. (It is not enough to consider only vector spaces. Indeed, the con-
figuration space of a rigid body is not a vector space due to rotations.) The total configuration
space of the multibody system is Q = Q1 × · · · × Qn , where n is the number of bodies.
For example, the total configuration space of n free rigid bodies in three dimensional space is
Q = (R3

× SO(3))n , i.e., the direct product of n spaces of translations and rotations.
We assume that Qi is parallelizable, i.e., its tangent bundle is the direct product Rdi × Qi .

Notably, every Lie group, in particular SO(3), is parallelizable. So is the 1-sphere S1 and the
3-sphere S3, which are also often used to represent rotations. We refer to [2, 13, 5] for further
issues concerning coordinate representation of rigid body rotations in numerical simulations.

Due to parallelizability, coordinates on the phase space of body i can be given on the form
yi

= (q i , pi ), where q i are generalized position coordinates and pi are generalized momentum
coordinates. (One may, of course, choose velocity instead of momentum.)

We assume that the motion of each body, in the absence of interaction with other bodies,
is described by a Hamiltonian system with Hamiltonian Hi : T ∗Qi → R. Hence, the energy
of body i is given by Hi . The reason why an energy concept for each body is necessary will
become apparent in Section 5, with the introduction of contact power.
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The governing equations for the system are on the form

dyi

dt
= XHi (y

i )+

∑
j 6=i

Ci j (yi , y j ) , i = 1, . . . , n (1)

where XHi is the Hamiltonian vector field of Hi , and Ci j represents dynamics in yi due to
contact between body i and body j . Accordingly, we assume that the contact is formulated
in terms of force laws (ODE formulation) and not in terms of non-penetration constraints (DAE
formulation). Introducing coordinates y = (y1, . . . , yn) on T ∗Q, we may use the more compact
notation

ẏ = X (y) , (2)

where X is the vector field on T ∗Q defined by (1).

3 BRIEF REVIEW OF STEP-SIZE CONTROL

In large scale simulation, it is necessary to use variable step-sizes for reasons of efficiency.
The theory of step-size control involves two fundamental questions: (i) which quantity should
be used in guiding the step-size, and (ii) exactly how should the step-size be chosen, i.e., how
should the control algorithm be designed and implemented?

Below we give a summary of commonly used approaches.

3.1 Step-size based on local error estimates

This is the classical approach to variable step-size algorithms, frequently used in commercial
and open-source software. The step-size in each step is based on a local error estimate from the
previous step. A modern viewpoint is to consider step-size control as a feedback control system.
For continuous systems, this approach has proven to increase the computational stability in the
integration process [17]. Robust control algorithms, based on accompanying rigorous analysis,
have been developed [16].

The following properties are of importance in the analysis of these methods. First, local error
estimates are derived under smoothness assumptions on the vector field. Second, as the step-
size is based on “past” information, “safety algorithms” are often added in order to handle stiff
problems (e.g. if convergence fails, decrease the step by a predefined factor). These safety algo-
rithms have to be implemented with great care, as they would otherwise destroy advantageous
properties such as computational stability.

3.2 Step-size based on global error estimates

This approach is an extension of the above, where an estimate of the global error e(t) is used
instead of the local error. The objective is then to choose the step-size so that

∫ tn+1
tn

‖ė(s)‖ ds is
kept moderate. In finding an estimate of the global error, a technique based on solving a dual
problem has been successful, and rigorous software based on this approach has been developed
[10].

Estimating the global error rigorously, e.g. by solving the dual problem, requires expensive
additional computations. Indeed, solving the dual problem is usually as computationally expen-
sive as solving the original problem.
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3.3 Step-size control in geometric integration

During the last decades, the area of geometric numerical integration, i.e., structure preserving
algorithms, has been explored. It was soon noticed that classical step-size strategies destroy
symmetry properties and, hence, structure preservation [4, 3]. As a remedy, symmetric step-
size control has been developed, in which the step-size is based on “present” information only
[6, 19, 8]. Here, the interaction of step-size dynamics and discretization is carefully studied in
order to maintain structure preservation.

With the development of these algorithms, it became natural to view adaptive step-size algo-
rithms as the result of a dynamic time transformation, called a Sundman transformation. Here
the independent variable t is viewed as a function of a new variable, s. If t (s) is differentiable,
we introduce ρ = ds/ dt , and let prime denote derivative with respect to s. We then have the
following transformation,

ẏ = X (y) H⇒

{
y′

= X (y)/ρ
ρ′

= G(y) , (3)

where the additional state variable ρ will be interpreted as the step density. The phase space has
thus been extended, and the added equation, defined by G, is used to determine the step-size
control objective.

A sub-branch of geometric integration, which is of particular interest in this paper, is that
of discrete mechanics and variational integrators [12, 20]. Here, the fundamental concepts of
analytic mechanics have carefully been translated into discrete counterparts, defining discrete
mechanics. The governing equation in the discrete setting may be viewed as a particular choice
of discretization of the classical equations in continuous mechanics. It therefore naturally de-
fines numerical time-stepping integrators, known as variational integrators. For conservative
systems, variable step-size variational integrators have been developed, with the objective of
constructing algorithms that exactly conserve symplecticity, momentum and energy [9]. A the-
orem by Ge and Marsden states that this is not possible for constant step-size methods, unless
the method gives the exact solution [21].

3.4 Adaptive step-sizes in multibody dynamics

Multibody dynamics is a class of IVPs that is highly special and requires special care. Many
problems exhibit substantial difficulties, often due to stiff force terms (cf. singular perturbation
theory) and a low degree of continuity.

Concerning adaptive step-size control for multibody systems, it is well known that stiff force
terms act “almost” as constraints. The system then shows a behavior akin to that of index-3
DAEs, leading to order reduction and, in turn, incorrect error estimation and pessimistic step-
size outputs from standard adaptive algorithms. It is an outstanding problem to design error
estimators that overcome these problems. Within the framework of classical step-size control,
some solutions have been proposed [14].

4 BASIC FRAMEWORK

In this section we present a framework for variable step-size methods, which is used in Sec-
tion 5 to derive new methods. The framework is influenced from ideas in geometric integration,
in particular from the notion of discrete mechanics. A main point is to use the mathematical
setting of extended phase spaces, as in [9, 6].
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As a first step, we introduce a time transformation s 7→ t (s), and an extended configuration
space Q = Q × R. The relation between the actual time t and the parameter s is defined
dynamically by a map G : T ∗Q → R2. Choosing coordinates z = (t, u) on R2, the motion of
the extended system is governed by

dy
ds

= u X (y) ,
dz
ds

= uG(y) . (4)

G should be such that our control objective is a first integral of the extended system. Indeed,
let W : T ∗Q → R be a function with differential dW and choose G(y) = (1, dW (y) · X (y)).
We then have

d
ds
(W (y)− u) = dW (y) ·

dy
ds

−
du
ds

= dW (y) · u X (y)−
du
ds

= 0 . (5)

Thus, W (y)−u is a first integral of the extended system, and the corresponding control objective
is W (y) ∼ u. (Without loss of generality, we may assume that initial data fulfills W (y(0)) =

u(0), i.e., that W (y)−u = 0 throughout the solution.) In order for the step-size control to make
sense, we require that W is strictly positive. This, in turn, implies that the time transformation
s 7→ t (s) is bijective, as it ought to be.

Our selection of G also gives that the time variable fulfills t (s) =
∫ s

0 u ds. In comparison
with (3), u is the inverse of the step-size density, i.e., u = 1/ρ.

The next step is to discretize (4). The discretization is equidistant in s, but not in t due to
the time transformation. We denote the numerical solution at time-step k by yk and zk . That
is, yk ≈ y(sk) and zk ≈ z(sk), where sk = ε k, for some ε > 0. The discretized equations
implicitly define a numerical flow ψ : (yk, zk) 7→ (yk+1, zk+1). ψ can be thought of as a
constant step-size integrator for (4). In general, ψ is defined by a system of equations on the
form

yk+1 − φ(yk ; zk+1) = 0
zk+1 − ϑ(zk ; yk, yk+1) = 0 ,

(6)

where φ(y ; t, h/ε) is a numerical flow of y resulting from a discretization of (2) with step-size
h, and ϑ(z ; y0, y1) is a numerical flow of z resulting from a discretization of the second equation
in (4) with step-size ε. Note that if ϑ depends on its parameter y1, then (6) is fully implicit,
regardless of whether φ and ϑ are defined explicitly. However, if ϑ does not depend on y1, then
ψ is defined explicitly. We say that φ is “explicit in the y–domain” if it is defined explicitly and
ϑ is independent of y1. Otherwise, φ is “implicit in the y–domain”. Corresponding definitions
are used for ϑ . Evaluating this, we are led to a classification:

Explicit in z–domain Implicit in z–domain
Explicit in y–domain Ey Ez Ey Iz
Implicit in y–domain Iy Ez Iy Iz

In fact, there are two types of Iy Iz methods whether ϑ is dependent on y1 or not. If not, the
equations for z and y can be solved one after the other.

The last step in the framework is to choose a suitable numerical algorithm for solving the
discrete equations, and consider how to preferably set numerical parameters, e.g. tolerances.

In summary, the approach can be illustrated by a graph:

System on T ∗Q // System on T ∗Q // Discrete system // Algorithm
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This framework is advantageous in the following aspects. (i) It is complete, in that it com-
pletely describes adaptive numerical integrators. (ii) It has a strong theoretic foundation, which
simplifies rigorous mathematical analysis of the resulting methods. (iii) As the framework is
described in the language of analytic mechanics, it is general enough to fit different types of
multibody settings, yet specific enough to point out information that is characteristic for multi-
body systems.

In this paper we do not develop an analysis of the methods; that will come in later work.
Rather, as a first step, we give in the next section a class of methods of type Ey Iz . Notably,
these methods does not need system Jacobians, since they are explicit in y.

5 NEW CLASS OF METHODS

In this section we utilize the framework described above to derive a new class of methods,
where contact power is used as a guiding quantity for the step-sizes.

5.1 Contact power as control quantity

We assume the system (1) to be such that if there are no contacts between bodies, then it can
be discretized accurately with a constant step-size method, using a relatively large step-size ε.
However, in contact regimes this assumption can not be made. The situation then is rather
delicate; contact alone is not reason enough to decrease the step-size. For example, if a body is
resting on another body, i.e., they are in contact but the relative motion between them is zero,
then there is no need to decrease the step. We need a quantity that tells, not only when contacts
occur, but also gives a measure of the current “action” in the contact. Intuitively, contact power
is such a quantity.

Formally, we define contact power Pi for body i as

Pi (yi ) =
d
dt

Hi (yi ) =
1
u

d
ds

Hi (yi ) = dHi (yi ) · X i (yi ) , (7)

i.e., the rate of change of energy with respect to time. Following the framework above, we
choose as control objective

W (y) =

(
1 + α

(
max

i
{|Pi (yi )|}

)β)−1
. (8)

Notice that 0 < W ≤ 1, where W = 1 if and only if the contact power of each body is zero.
The differential dW , needed in order to define G, is taken in a distributional sense. As we

will see, G is never evaluated in the final numerical scheme, only W .
The parameters α and β affect the behavior of the step-size control. In order for |Pi |

β to have
physical dimension ×s−1, we choose β = 1/3. (Classically, the dimension of Pi is kg m2s−3.)
α is intepreted as a “sensitivity” parameter, that determines how responsive the step-size change
should be with respect to variations in contact power. If α is zero, then u is constant throughout
the simulation.

5.2 Discretization

Next, the extended system is discretized. Special care is taken to assure that the control
objective is actually reached. This is not obvious. For example, if (4) is discretized directely
with a non structure preserving method, then the u will most likely drift off target, i.e., the first
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Figure 1: Geometric interpretation of the step-size objective. The length of the path γ is chosen to fulfil condition
(12).

integral W (y)− u will not be preserved. A possibility is to utilize symmetric integration tech-
niques, as is done in [6]. However, this approach fails if the original system (1) is dissipative.
Our approach is to directly discretize the first integral.

From W (y)− u = 0 and W > 0 it follows that

u
W (y)

= 1 . (9)

Integrating this relation from sk to sk+1, and switching variables s → t , yields∫ sk+1

sk

u ds
W (y)

= ε ⇐⇒

∫ tk+1

tk

dt
W (y)

= ε , (10)

where the relation u = dt/ ds is used. From the finite difference approximation

εuk+1 = tk+1 − tk , (11)

and from numerical quadrature of (10) by the trapezoidal rule, we get an equation for uk+1 as

uk+1

2

( 1
W (yk)

+
1

W (yk+1)

)
= 1 . (12)

The equations (11) and (12) define the numerical flow ϑ(z ; y0, y1) in (6).
Let φ be some explicit method for (2). The extended system (4) is now discretized in total

as

yn+1 − φ(yn ; zn+1) = 0
zn+1 − ϑ(zn ; yn, φ(yn ; zn+1)) = 0 .

(13)

Note that the resulting method is explicit in y and implicit in z, i.e., of type Ey Iz .
From a geometric point of view, the discretization can be described as follows. Consider the

path γ : [0, uk+1] → T ∗Q in the phase space defined by restricting the curve

u 7→ φ(yk ; tk + εu, u) . (14)

The objective of the step-size control is to select uk+1 such that condition (12), with yk+1 =

γ (uk+1), is fulfilled, see Figure 1.
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5.3 Algorithm

Now to our main result. The following algorithm defines a new class of variable step-size
methods for MB-IVPs.

Algorithm 1. Let α ≥ 0, ε > 0, η ∈ (0, 1) and let φ(y ; t, h/ε) be an explicit integration
method for (2) with step-size h. Further, assume that initial conditions y0 ∈ T ∗Q at t0 = 0 are
given.

Define

u0 = 1 ,
r0 = 0 ,

R(u ; t, y) =
u
2

( 1
W (y)

+
1

W (φ(y ; t + εu, u))

)
− 1 .

A numerical method (yk, zk) 7→ (yk+1, zk+1) is given by:

1. Solve the equation R(uk+1 ; tk, yk) = 0 for uk+1 with the bisection method:

u = uk/(1 + rk)
a = 0
b = u

while |R(u ; tk, yk)| > η

do



if R(b ; tk, yk) < 0

then
{
b = 2 b
u = b

else


u = (a + b)/2
if R(u ; tk, yk) < 0

then a = u

else b = u
rk+1 = R(u ; tk, yk)
uk+1 = u

2. Update the state variables:

tk+1 = tk + εuk+1
yk+1 = φ(yk ; tk+1, uk+1)

Efficient implementation of the algorithm requires m evaluations of φ and W at each step,
where m ≥ 1 is the number of times the convergence criterion is tested.

The initial guess of u is to be interpreted as a predictor for uk+1. From a geometric viewpoint,
it is the intersection with the u–axis of the line that interpolates (0, R(0 ; tk, yk)) = (0,−1) and
(uk, rk). From an automatic control perspective, it is an I –controller. Indeed, if we ignore the
iteration part, and take the logarithm, we get

log uk+1 = log uk − log(1 + rk) , (15)

which is an I –controller that acts to make log(1 + rk) equal zero. From this point of view, the
algorithm might be improved by using a PI–controller instead. See [15] for further issues of
automatic control and adaptive time-stepping.
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Figure 2: Above: Simulation result of a bouncing ball model. Note that the energy of the system behaves well (the
tops are of almost equal height). Below: Detailed graph in the parameter s. Also note the time transformation: the
distance in time between a and b is about 1 ms and between b and c about 1 s.

6 NUMERICAL EXAMPLES

We present in this section some simulation results of the new methods, applied first to a
simple, yet numerically intricate, system and then to an industrial rolling bearing problem.

In the first example, the particular choice of Algorithm 1 is η = 0.1 and φ the Störmer-Verlet
method, which is a symmetric method suitable for conservative systems, see [5]. In the second
example we choose

η = 1/2

φ :


q̇k+1 = q̇k + hF(qn, pn)

qk+1 = qk + hq̇k +
3h2

4
F(qn, pn) ,

(16)

where F is the part of the vector field X in (2) that corresponds to accelerations. Different
choices of the tolerance parameters α (sensitivity of step-size control) and ε (maximal step-
size) are tested.

6.1 Bouncing ball

Consider a metal ball of mass 1 kg dropped from 1 m, and then left bouncing on the ground.
Let q(t) be its height at time t . Assuming that the bounces are fully elastic, the motion is
described by

q̈ = fcon(q)− g , q(0) = 1, q̇(0) = 0 ,

where g is the gravitational acceleration and fcon is the force due to contact between the ball
and the ground. We take a simple contact model given by fcon(q) = −k min(q, 0), where
k = 107 N/m is the stiffness parameter.

In the setting of Section 2, the system is described as follows. The configuration space is
Q = R, so that the phase space is R2. As coordinates on the phase space we choose y = (q, q̇).
The Hamiltonian for the ball is given by

H(y) =
q̇2

2
+ gq , (17)

9
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Figure 3: Exploded view of mechanical parts of the ball bearing simulated in BEAST.

and the contact dynamics is defined by C(y) = (0, fcon(q)). Thus, the contact power for the
ball is

P(y) =
d
dt

H(y) = q̇q̈ + gq̇ = q̇ fcon(q) . (18)

The Ey Iz method derived above is then used; there is flawless adaptation between the two
time-scales in the problem (contact – non-contact). The contact discontinuity is duly resolved
and the step-size selection algorithm does not get stuck in the transitions between contact and
non-contact regimes. See Figure 2. The results from this problem indicates that the method
performs well for impact problems.

6.2 Rolling bearing (with BEAST)

BEAST (BEAring Simulation Tool) is a multibody simulation software package developed at
SKF, with special focus on contact problems. It is used on a daily basis for studying the dynamic
behaviour of bearings (and other machine elements) under general loading conditions. For
example, detailed information of the forces on and motions of the cage, skew and tilt behaviours
of rollers and skidding of balls is obtained from a BEAST simulation. The contact modelling in
BEAST is highly complex; tribological issues such as oil-film thickness, surface roughness, etc.
are accounted for. See [18] for further information on rolling bearing simulations and BEAST.

We have implemented the new method in BEAST and simulated a standard case consisting of
an axially loaded ball bearing. Implementation was straightforward, since contact power always
is computed at each right hand side evaluation for data output purposes.

The system consists of altogether 12 bodies: 1 outer ring, 1 cage, 9 balls and 1 inner ring.
See Figure 3. The outer ring is held steady, i.e., it does not move. The inner ring is given a
prescribed rotation speed of 104 rpm and is loaded axially with a force of 1000 N. The system
is simulated for about 0.011 s, which corresponds to about one and a half revolutions of the
inner ring.

10
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ε α Cost [# rhs]
EI1 10−4 0.5 5091
EI2 10−4 0.2 2474
EI3 10−3 0.05 1181
EI4 10−3 0.02 failure!

hmax tol Cost (FAST-JAC/SLOW-JAC) [# rhs]
CV1 10−4 10−8 9022/25006
CV2 10−4 10−6 2397/7293
CV3 10−3 10−4 2222/10718
CV4 10−3 10−3 failure!

Table 1: Solver settings and corresponding results.

The results of the simulations show that the new method performs well also for complex
contact problems. We compare the results with the numerical integration software CVODE [7] –
a commonly used open-source ODE solver. This solver uses implicit schemes, and thus system
Jacobians must be computed. In BEAST semi-analytical Jacobians have been implemented.
Evaluation of such a Jacobian requires twelve right hand side evaluations. This is far better then
the

∑
di evaluations needed when a Jacobian is computed by raw finite differences. As the new

method is Jacobian free, we give computational costs with CVODE for both semi-analytical
Jacobians (FAST-JAC) and finite difference Jacobians (SLOW-JAC). The simulations, for both
the new method and CVODE, were carried out in the following way. First, method parameters
were chosen to get high accuracy. Thereafter, less and less accuracy was demanded in the
simulation, until failure occurred (usually due to unrealistic contact forces).

In Table 1 we present a list of computational costs (number of right hand side calls) for the
different user settings. Four different accuracy levels were tested for both the new method and
CVODE. Note that the new method performs well for simulations where accuracy demands are
low. In CVODE, the computational cost of simulations CV2 and CV3 are about the same.

A graph of the used step-sizes is given in Figure 4. Seemingly, the step-sizes for CVODE are
sporadically strongly reduced, whereas the variations are less drastic and more continuous for
the new method. This indicates good computational stability of the step-size control.

It should be noted that, before failure, there are indications of stability problems in simulation
EI4, most likely due to violation of the stability criteria of φ. A method with larger stability
region would perhaps be more suitable.

7 CONCLUSIONS AND FURTHER WORK

In conclusion, we have described a new class of Jacobian–free variable step-size methods,
where step-size control is based on contact power, and numerical examples with one of these
methods have been given.

Results from the simulations indicate good performace for the the application field under
study; simulation of a standard rolling bearing case in BEAST can be carried out about twice as
fast as with the standard solver CVODE used with semi-analytical Jacobians. If finite difference
Jacobians are used in CVODE, the simulation can be carried out about six times faster.

The numerical examples indicate that computational stability of the new step-size controller
is good and there is no indication of pessimistic step-size selection.

There are many important details of the proposed algorithm that have not been included in
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Figure 4: Stepsizes for the different simulation settings.
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this study. In particular, we are currently investigating the following aspects:

• Rigourous analysis of the new methods within the framework sketched in Section 4, e.g.
convergence results.

• Theoretic connection between local error estimates and contact power.

• Numerical test-runs of more complex rolling bearing problems.

• Methods of the type Iy Iz .

Future extensions of the approach may include:

• Extension to flexible systems.

• Extension to asynchronous step-size control, where each body has its own time-stepping.

• Other control quantities than contact power.

• Adaptive numerical damping, developed within the framework of Section 4.
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