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Abstract

Multistep methods is a widely used class of time-stepping schemes for numer-
ical solution of initial value problems. The philosophy behind these methods is
that a better approximation can be achieved, if the input data in each time-step
consists of a multiple of past states, instead of just one. Thus, multistep meth-
ods are related to sampling theory, i.e. reconstruction of functions from samples
(specific values). The thesis investigates this relation. In particular how multi-
step methods, both on regular and irregular grids, can be derived from sampling
formulas.

There are two principle parts. In the first main part (Chapter 2) sampling
theory is presented and some generalised sampling theorems are derived. These
theorems then act as building blocks in the second main part (Chapter 3), where
we give various ideas on how multistep methods can be derived from sampling
theorems. Conjointly, a formal outline for multistep algorithms is given. This
outline is similar with that for Galerkin methods.

∗This work is a continuation of my master thesis in numerical analysis. The thesis (corresponding
to revision number 3.0) was published at Lund University, Center for Mathematical Sciences in February
2004 with the following designation: 2004:E10, ISSN 1404–6342, LUNFNA–3006–2004.
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CHAPTER 1

INTRODUCTION

Born of man’s primitive urge to seek order in his world,
mathematics is an ever-evolving language for the study of
structure and pattern. Grounded in and renewed by
physical reality, mathematics rises through sheer intellectual
curiosity to levels of abstraction and generality where
unexpected, beautiful, and often extremely useful
connections and patterns emerge. Mathematics is the
natural home of both abstract thought and the laws of
nature. It is at once pure logic and creative art.

(Lawrence University Catalog)

1.1 Motivation and Overview

The theory and practice of ordinary differential equations (ODEs) is a well established
field in mathematics and physics. In the case of initial value problems (IVPs), the
questions concerned with existence and uniqueness have been carefully analyzed. In-
deed, any standard textbook on ODEs contains detailed theorems on this matter. See
for example [22, 30, 2].

Although a unique solution for a given IVP exists, it can be hard to explicitly cal-
culate it. Instead, one is often forced to look for an approximation, generated from a
numerical scheme. The question arises if the error introduced with the approximation
can be estimated. In order to give an answer, one has to analyze the algorithm in detail.
The study of numerical schemes for IVPs, in particular multistep methods, is the main
theme in this work.

Let us start with a problem formulation, and an illustrative presentation of numerical
schemes. In Chapter 3, we will give a more rigorous presentation, where we, from a
semigroup point of view, identify the common structure of numerical schemes and the
philosophy behind them.

4



1.1 Motivation and Overview 5

The problem we consider is an IVP of the following form; find a function u ∈

C 1(I,V) such that

u̇(t) = f (u(t)), ∀ t ∈ I,

u(0) = ξ0, ξ0 ∈ V .
(1.1)

Here, V is a normed vectorspace over R or C, f is a vector field V → V and I
an interval in R (bounded or unbounded) such that 0 ∈ I. f is said to be Lipschitz
continuous in U ⊂ V if there exists an L ∈ R+ such that ‖ f (x1)− f (x2)‖ ≤ L‖x1−x2‖

for all x1, x2 ∈ U.
In the case when V = Rd or V = Cd with the Euclidean metric, the classical

theorem of Picard and Lindelöf states that (1.1) has a unique solution locally about ξ0

if f is Lipschitz continuous in a neighbourhood of ξ0. This theorem can be proved with
Banach’s fixed-point theorem, and an extension to a maximal solution can be given
by “gluing together” local solutions. However, since the existence and uniqueness
questions are outside the scope of this work we refer to [22, 2, 30] for proofs and
further results when V = Rd or V = Cd , and to [33, 34] when V is more general.

From now on we will assume that there is a unique solution to (1.1), i.e. u(t) exists
and is unique for any t ∈ I.

Linear multistep methods (LMMs) constitutes a widely used class of numerical schemes
for (1.1). The idea is to approximate u point–wise at specific time levels, where the
approximation at each new time level depends on approximations at k former time
levels. Thus, multistep methods are recursive schemes. For an introduction we refer
to [22, 30].

LMMs for equidistant time levels are often derived from operator expansions of the
differential operator D : u 7→ u̇. Indeed, on the space of entire functions {u; u entire},
the translation operator τh : u 7→ u( · − h) can be given as

τ−h =

∞∑
n=0

hn Dn

n!
. (1.2)

This map is, for obvious reasons, often denoted exp(h D). It is easy to check that
τh = exp(−h D). The backward difference operator is defined as ∇h = Id −τh . Thus,
we formally have

exp(−h D) = Id −∇h
?

⇒ h D = − log(Id −∇h) :=
∞∑

n=1

∇
n
h

n
. (1.3)

If the implication hold, which is not at all obvious, then the first part of equation (1.1)
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transforms into the expression

∞∑
n=1

(∇n
h u)(t)
n

= h f (u(t)), ∀ t ∈ I . (1.4)

The idea is then to truncate the left hand side and in this way obtain a backward dif-
ference formula (BDF) method. In a similar manner one may derive Adam–Moulton
methods (see Example 3.2). For further reading on multistep methods and operator
expansions, see [5, p. 311 ff.].

This way to derive multistep methods is less heuristic than the usual derivation found
in elementary books on numerical methods (e.g. [22, 30]), i.e. derivation from poly-
nomial interpolation formulas. One of the reasons is that the error analysis becomes
clearer. Indeed, in the fashion explained above, one may work with exact representa-
tions of equation (1.1), and then “cut off the tail” of a series at will. Of course, the
framework only makes sense if the implication in (1.3) holds. Let us give an example
of a small but important class of functions for which the framework may be used.

Consider the space of functions X = {
∑d

m=1 Am exp(λm · ); Am ∈ Cd, λm ∈ C} with
domain R and let u ∈ X, t ∈ R. If we try to apply the rightmost operator in (1.3) we
formally get

− log(Id −∇h)(u)(t) =
( ∞∑

n=1

∇
n
h

n

)
(u)(t) =

∞∑
n=1

d∑
m=1

Am
(
∇

n
h exp(λm · )

)
(t)

n
. (1.5)

If we observe that

(
∇

n
h exp(λm · )

)
(t) = exp(λm t)

(
1 − exp(−λmh)

)n

n
(1.6)

we get if |1 − exp(−λmh)| < 1 that

− log(Id −∇h)(u)(t) =

d∑
m=1

Am exp(λm t)
∞∑

n=1

(
1 − exp(−λmh)

)n

n
, (1.7)

so a sufficient condition to obtain pointwise convergence is that |1 − exp(−λmh)| < 1
for all m ∈ {1, . . . , d}. For d = 1 this condition is illustrated in the λh plane in
Figure 1.1.

In the operator series just presented the step-size h is constant, i.e. the grid is uni-
form. As suggested by G. Söderlind in [37], a generalisation to the non-uniform case
may be given in terms of the inverse of an “infinite Vandermonde matrix”. Indeed,
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−arccos
1
2

− ln2

ℑ(λh)

ℜ(λh)

Figure 1.1: Convergence condition in the λh–plane.

let 0 = λ0, λ1, λ2, . . . be increasing real numbers corresponding to step-size sequence
and consider the infinite matrix

V : N2
+

3 (m, n) 7→ (−λn)
m/m! ∈ C , (λ0

0 = 1). (1.8)

If u is analytic then u(t − λnh) =
∑

∞

m=0 V (n,m)hm(Dmu)(t). Thus, we have a map
S : u 7→

(
u( · − λnh)

)
n∈Z+

. Since u̇(t − λnh) =
∑

∞

n=1 V (n,m)mhm−1(Dmu)(t)
we also have a map S′ : u̇ 7→

(
u( · − λnh)

)
n∈Z+

. If S and S′ have inverses, then
multistep methods may be derived by replacing the left-hand side in equation (1.1)
with (S′)−1

(
u( · −λnh)

)
n∈Z+

and/or the right-hand side with S−1
(

f (u( · −λnh))
)

n∈Z+
.

The inversion of S and S′ corresponds to the uncertain implication in (1.3).
Weather or not the operator series we have discussed are invertible depends heavily

upon the following question; when can a function in some class be reconstructed from
discrete values of it? Thus, we are lead to sampling theory. Indeed, the underlying
idea with a multistep methods is to represent equation (1.3) in terms of samples of the
solution.

The purpose of this work is to examine how results from sampling theory can be
connected with the field of multistep methods. Especially we are interested in the
non-uniform grid setting. Our main objective is to show how multistep methods on
non-uniform grids can be derived from various sampling formulas. As the area turns
out to be very extensive, we will not always be very detailed and we leave many
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questions open for further investigation. Infact, the thesis should be thought of as a
set of ideas on how numerical methods for ODEs connects to sampling theory and not
as an altogether complete work where a certain problem has been studied and solved
in detail. Thus, we do not intend to give a final and altogether general framework or
definition of multistep methods. Instead, we give several examples and settings, which
should act as a source of inspiration on how to connect sampling theory and multistep
methods.

Next to the structure of the thesis. In Section 1.2 we give some necessary preliminar-
ies and conventions in the notation. Chapter 2 contains a rather independent treatment
of sampling theory. We mainly focus on different approaches to derive sampling for-
mulas. As non-uniform sampling is strongly related to the theory of frames, found e.g.
in wavelet theory, we also give a short introduction to frame theory. In Section 2.7 we
give a more abstract approach to sampling theory, based on a special type of groups
that appear in harmonic analysis. We will not use the results from this section, but
nevertheless it gives Chapter 2 more depth as an independent expository on sampling
theory.

In Chapter 3 we start with some generalities found in numerical schemes for IVPs.
Through semi-group theory we state the objective of numerical schemes in general and
we see how the LMMs approach this objective. In the next two sections the connection
between sampling theory and multistep methods is set up. We give several examples
of how the classical LMMs on uniform grids can be derived from sampling formulas
and how extensions to non-uniform grids follows naturally. Chapter 3 finishes with a
section on error estimates.

The last chapter presents some interesting topics that follows from the unification
of sampling theory and multistep methods, but which are not treated in this work.

1.2 Preliminaries and Notation

The purpose of this section is (1) to give overall notations and conventions used in this
work and (2) to present some fundamental mathematical result which will be used now
and then without references. The results presented can be found e.g. in [25, 24, 26, 14].

As usual, Z is the set of integers, Z+ = {n ∈ Z; n > 0}, N = Z+ ∪{0} and similarly
for Z−. With K we denote either the field of real numbers R or the field of complex
numbers C. Also, R+ = {x ∈ R; x > 0} and R+ = R+ ∪ {0}. Similarly for R−.

If U,V are sets then we sometimes write VU to denote the set of functions U → V .
Especially we use this notation when U is countable, in which case elements in VU

are called sequences. If U = {1, 2, . . . , d} we write Vd . Sequences are often written
explicitly as (an)n∈U, where an are elements in V . Note the difference between the
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set {an; n ∈ U} and the sequence above; a sequence is a function. For a countable
set U, `p(U) denotes the Banach space of sequences c ∈ CU such that ‖c‖`p(U) :=( ∑

λ∈U|c(λ)|p
)1/p

< ∞. Note that `2(U) is a Hilbert space.
If V has some algebraic structure, e.g. if it is a vector space, then the set VU inherits

this structure pointwise. Also, if g : U → V is a function, U is a subset of a vector
space W over K and a ∈ K, y ∈ W , then we define the translation operator as
τy : VU

3 g( · ) 7→ g( · − y) ∈ VτyU, where τyU is the set {x ∈ W; x + y ∈ U}.
Similarly, the scale operator is defined as σa : VU

3 g( · ) 7→ g( · /a) ∈ VσaU.
The real and imaginary part of a complex number z is denoted <(z) and =(z) re-

spectively.
If U is an open subset of K and V is a Banach space then the vector space of p

times continuously Frechet differentiable functions U → V is denoted C p(U,V). If
V = K we simply write C p(U). If p = 0 we write C (U,V) and sometimes this space
is endowed with the norm ‖ f ‖C (U,V) = supx∈U| f (x)|. As introduced in the previous
section, D denotes the differential operator C 1(U,V) → C (U,V) and I is an interval
in conjunction with an IVP on the form (1.1).

Every integral in this thesis is taken in the Lebesgue sense and the Lebesgue measure
is denoted µL. If p ∈ R and D is a Lebesgue measurable set then recall that Lp(D)
denotes the Banach space of equivalence classes of almost everywhere equal functions
D → C, such that if f is a representative for f̃ ∈ Lp(D) then | f |

p is integrable. The
norm is

‖ f̃ ‖Lp(D) =

( ∫
D
| f |

p dµL

)1/p
.

Note that L2(D) is a Hilbert space with the inner product 〈 ·1 , ·2 〉L2D : (u, v) 7→∫
D uv dµL.

The following fundamental results from integration theory is useful in order to in-
terchange the order of integration, or in order to interchange integration with a limit.
For proofs see e.g. [14, Chapter 2] or [26, Chapter 2].

Theorem 1.1 (Dominated convergence theorem) Let (un)n∈Z+
be a sequence of func-

tions D → C, where D is measurable, such that limn→∞ un(x) → u(x) almost every-
where. If there is an integrable function v : D → R such that |un(x)| ≤ v(x) for all n
and all x ∈ D then u is integrable and

∫
D u dµL = limn→∞

∫
D un dµL.

Theorem 1.2 (Fatou’s lemma) Let (un)n∈Z+
be a sequence of functions D → R̄+ such

that limn→∞ un(x) = u(x) almost everywhere. Then∫
D

u dµL = lim sup
n→∞

∫
D

un dµL . (1.9)

In particular, u is integrable if the right hand side is finite.
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Theorem 1.3 (Fubini’s theorem) If D, E are measurable sets and u : D × E → C is a
function such that

∫
D

( ∫
E u(x, y) dµ(y)

)
dµL(x) < ∞, then∫

D

( ∫
E

u(x, y) dµL(y)
)

dµL(x) =

∫
E

( ∫
D

u(x, y) dµL(x)
)

dµL(y) . (1.10)

The Fourier transform is taken in the Schwartz distributional sense. That is, the
Fourier transform is an isomorphism F : S ′

→ S ′ defined by Fu(φ) = u(Fφ),
where Fφ denotes the Fourier transform on a test function φ ∈ S , i.e.

Fφ =

∫
φ(t) exp(−it · ) dµL(t) . (1.11)

Since Lp ⊂ S ′ the Fourier transform is defined in every Lp space. Especially, the
Fourier transform is an isomorphism in the Hilbert space L2 (see [25, p. 164]).

In this thesis we often work with Banach spaces of functions, or equivalence classes
of function as in the Lp cases. If X and Y are Banach spaces then the Banach space of
continuous linear operators X → Y is denoted L (X,Y), or just L (X) if Y = X. The
norm is the operator norm, e.g. if F ∈ L (X,Y) then ‖F‖L = supu∈X‖Fu‖Y/‖u‖X .
The space L (X,K) is called the dual space of X and denoted X∗. If X is a Banach
space of functions, then the domain of these functions is sometimes denoted Dom X
and the image is denoted Im X. Finally, recall the following theorem (see [14, pp.
206–207] for a proof)

Theorem 1.4 (Riesz representation theorem) If X is a Hilbert space, then for every
x∗

∈ X∗ there exists a unique x ∈ X such that x∗(e) = 〈x, e〉X for all e ∈ X, and
‖x‖X = ‖x∗

‖X∗ .



CHAPTER 2

SAMPLING THEORY

The tendency of the casual mind is to pick out or stumble
upon a sample which supports or defies its prejudices, and
then to make it the representative of a whole class.

(Walter Lippmann)

Summary This chapter is a survey on sampling theory. It is concentrated to the
more practical questions of the theory, i.e. questions concerned with the construction
of sampling formulas.

We start with the fundamental problem formulation in sampling theory. Thereafter,
the classical sampling theorem. In Section 2.3 we give a slightly generalized version
of Kramer’s sampling theorem. The generalisation was made in order to fit our need
in Chapter 3. Next, a short introduction to frame theory is given. In conjunction with
sampling theory, frames gives an approach to non-uniform sampling formulas. Section
2.6 contains some theorems concerned with past sampling, i.e. prediction. In view of
which results we use in Chapter 3, Example 2.3 is the most important outcome of this
chapter.

2.1 Basic Sampling Theory

Ultimately, the mathematical difficulty in sampling theory is to find when a function,
that belongs to some class, can be uniquely identified (see remark below) from some
samples (specific values) of it. Obviously, a function in such a class possess a certain
degree of regularity. In some sense this means that discrete values of the function
should not be altogether independent of each other. Note that if the functions are de-
fined on a Hausdorff topological space, which they always are in applications, it is not
enough with local regularity properties, if with “local regularity” we mean that there
exists a neighbourhood of each point in the domain where the property is fulfilled. For
example, a function R → R can never be uniquely reconstructed from discrete sam-
ples if the only regularity we know is that it is C p, for some positive integer p. It is not
even enough that the function is infinitely differentiable, i.e. that p = ∞. This is due

11



12 Chapter 2 Sampling Theory

to the fact that differentiability is a local property. In converse, consider a class of sim-
ple functions R → R of the form u =

∑
n∈Z αnχ[n,n+1). As this structure (regularity)

is known, it is obvious that u may be reconstructed from the samples (u(n + εn))n∈Z if
and only if εn ∈ [0, 1) for all n. The regularity here is of global character in the sense
that the known structure applies to the explicitly specified subsets [n, n + 1) of R. The
regularity is however not global in the sense that the values on [n, n + 1) only depend
on one sample u(n + εn) and not on the hole sequence of samples. Generally, the
regularity of the classes of functions studied in sampling theory is of a more complex
nature then in this simple example. As we will see different types of transforms, most
frequently the Fourier transform, will be used in order to identify regularity.

Remark. In classical sampling theory, functions are sometimes called signals due to
their physical origin. In this work we will however only speak of functions.

Remark. The field of sampling theory also deals with the case where the reconstruc-
tion of a function from samples is not unique. This is called aliasing. The sampling
formulas we will deal with will however always uniquely reconstruct a function.

Remark. The word “regularity” is used so far in a somewhat vague meaning. We will
not give a stricter mathematical definition, but instead use the word when we want
to emphasise some underlying structure which may, or may not, make reconstruction
from samples possible. One may of course disregard the reasoning about regularity, as
the mathematics in the derivation of sampling formulas speaks for it self.

The reconstruction of functions in some class from samples can be seen as an oper-
ator that acts on a sequence (the samples) and returns a function. Likewise, the actual
sampling process, i.e. the operation that takes samples and put them in a sequence,
can also be seen as an operator between two spaces. Thus, it is clear that sampling
theory fits into the framework of functional analysis. In fact, it is enough to consider
linear functional analysis, since the operation of reconstruction and of taking samples
is intrinsically linear. Most modern treatments of sampling theory, e.g. [15, 1], pur-
sues this line and so will we. One of the reasons is that the classical sampling theorem
(which is presented in Section 2.2), when put into the framework of linear functional
analysis, immediately suggests a way to derive new sampling formulas, e.g. Kramers
sampling theorem which is explored in Section 2.3. Our first step is to give a rigourous
problem formulation in terms of spaces and operations between spaces.

Let Y be a Banach space of functions D → V , where V is a topological vector space
over K and D a connected subset of Kd for some positive integer d . As mentioned
in the preliminaries, we also allow Y to be a Banach space of equivalence classes of
functions, if the equivalence relation is equality almost everywhere with respect to the
Lebesgue measure.
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The core of sampling theory is concerned with the following problem, which we
refer to as the sampling problem; given Y as above, find a subspace X ⊂ Y and a
countable subset 3 ⊂ D such that if u ∈ X then u may be reconstructed from the
sequence (u(λ))λ∈3. That is to say; there exists a map

V3
3

(
u(λ)

)
λ∈3

7−→ u ∈ X. (2.1)

Such map is called a reconstruction operator, and we usually denote it T3. Since Y
inherits the vector space operations from V , it is clear that T3 must be a linear operator.
Note however that it is not necessarily continuous.

The inverse of a reconstruction operator is called a sampling operator, and we usu-
ally denote it S3. It is clear that S3 is nothing but the restriction to 3.

With this formalism, the sampling problem consists of finding a triple (X,3, T3)
such that T3S3 = IdY . Preferably, X should be a closed subspace, i.e. a Banach space
itself, and we do not allow 3 to be dense in D. If such triple can be found we say that
sampling is possible on X and we call 3 a set of sampling.

When 3 has no limit point in D we call 3 a grid on D. For example, if D = R then
3 = Z is a grid on D, whereas any interval in D is not a grid, since it contains limit
points in D. For a general D we have that if 3 = {λ1, λ2, . . .} is a subset of D such
that inf{|λ − λ′

|; λ, λ′
∈ 3, λ 6= λ′

} = δ > 0, then 3 is a grid on D. It follows from
Bolzano–Weierstrass that if D is bounded then the number of elements of any grid on
D must be finite.

Sampling theory can be further divided into one abstract and one practical question;
(1) given a vector subspace X does there exist a set of sampling and (2) if so, can the
reconstruction formula, i.e. T3, be explicitly given? We will deal with both questions.
In fact, an answer to the first one often, but not always, leads to an answer to the
second one. An important issue in the second question, since we ultimately want
to do numerics, is whether or not the reconstruction is stable. That is to say; is T3
continuous? Indeed, the stability of a reconstruction process is essential if practical
applications are to be considered.

2.1.1 Reproducing Kernel Hilbert Spaces

A necessary condition on the space X is that the operation of taking samples, i.e. the
operator S3, is defined. This is not obvious since Y is allowed to be a space of equiv-
alence classes. As mentioned above, the reconstruction operator should preferably be
continuous. In fact, it is preferable that X and V3 the chain u 7→ (u(λ))λ∈3 7→ u is
continuous (note that this requires a topology on V3). As we will see this is not always
the case, but in order to use the framework of functional analysis we need to require
that at least S3 is continuous. A first step in this direction is to require that point-wise
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evaluation is continuous, which is why reproducing kernel spaces (introduced below)
will be frequently used from now on. For a detailed expository see [3].

Definition 2.1 (Reproducing kernel Hilbert space) A reproducing kernel Hilbert space
(RKHS) is a Hilbert space X of functions D → K, such that for all t ∈ D the operation
X 3 u 7→ u(t) ∈ K is linear and continuous, i.e. belongs to X∗.

From Riesz representation theorem, Theorem 1.4, it follows that for all t ∈ Dom X
there exists a function kt ∈ X such that u(t) = 〈kt , u〉. The functions kt are called the
reproducing kernels of X. We sometimes use the alternative notation k(t, ·) = kt . The
reproducing kernels are unique. Indeed, assume kt and k ′

t both have the reproducing
property at t , then

‖kt−k ′

t‖
2

= 〈kt−k ′

t , kt−k ′

t〉 = 〈kt , kt−k ′

t〉−〈k ′

t , kt−k ′

t〉 = (kt−k ′

t)(t)−(kt−k ′

t)(t) = 0.

Thus, if X is a RKHS then the reproducing kernels are unique, which allows us to give
the sampling operator as the map S3 : X 3 u 7−→ (〈kλ, u〉)λ∈3 ∈ K3.

2.2 The Classical Sampling Theorem

Consider a function u ∈ L2(R) ∩ C ∞(R). As we have mentioned, such function
is in general not reconstructible from discrete samples. The reason for this is that
it is always possible to disturb the function between two samples without affecting
the samples. Indeed, we know from distribution theory that for any interval in R it
is possible to to find a C ∞ function, not identically zero, with support in the interval.
Hence, a C ∞ function can “change arbitrarily fast”. That is to say; it contains arbitrary
high frequencies in the Fourier domain. In order to control the behaviour between
samples the function can not have arbitrary high frequencies. Thus, it makes sense
to study bandlimited functions in order to find sampling theorems. In this section
we begin with a brief description of these functions and thereafter derive the classical
sampling theorem. For a more detailed expository see [7, 40, 29].

Definition 2.2 A function u ∈ L2(R) is called bandlimited if its Fourier transform has
compact support, i.e. there exists a γ > 0 such that supp Fu ⊂ [−γ, γ ]. γ is called a
bandwidth.

We now introduce a class of spaces, which are the most fundamental spaces in sam-
pling theory. For each γ > 0 we define a corresponding Hilbert space of bandlimited
functions

Bγ = {u ∈ L2(R); supp Fu ⊂ [−γ, γ ]} (2.2)
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together with the usual inner product in L2(R). Indeed, Bγ is a Hilbert space, as it is
a closed subspace. To see this it suffices to use that the Fourier transform on L2(R)
is an isomorphism and thus maps closed sets to closed sets. Next, FBγ = {û ∈

L2(R); supp û ⊂ [−γ, γ ]} is closed which implies that F−1FBγ = Bγ is closed.
Let us give some basic properties of Bγ .

Proposition 2.1 If γ, γ ′ > 0, u ∈ Bγ , v ∈ Bγ ′ and a ∈ R then the following properties
are fulfilled:

τaBγ = Bγ if a ∈ R (2.3a)

σaBγ = Bγ /a if a ∈ R\{0} (2.3b)

uv ∈ Bγ+γ ′ (2.3c)

2πBγ is isometrically isomorphic to L2([−γ, γ ]). (2.3d)

Proof. (1) L2(R) is closed under translation and Fτau = exp(−ia · )Fu, which has the
same support as Fu. (2) L2(R) is closed under scaling and Fσau = σ1/aFu/|a| =

(Fu)(a · )/|a|, from which the assertion follows. (3) Rules for the Fourier transform
yields F(uv)(t) = (Fu ∗ Fv)(t) =

∫
R(Fu)(t − s)(Fv)(s) dµL(s) =

∫
[−γ ′,γ ′](Fu)(t −

s)(Fv)(s) dµL(s) from which the assertion follows due to the relation supp τsFu ⊂

[−γ + s, γ + s]. (4) The Fourier transform is an isomorphism L2(R) → L2(R) and
u ∈ L2([−γ, γ ]) can be embedded in L2(R) through u′ : t 7→ u(t) if t ∈ [−γ, γ ]
and 0 otherwise. It is clear that F−1u′

∈ Bγ . Similarily, if v ∈ Bγ then Fv|[−γ,γ ] ∈

L2([−γ, γ ]). From this the isomorphism follows. Next, if u ∈ Bγ then Plancherels
formula gives 2π‖u‖ = ‖Fu‖ and isometry follows from polarisation.

We will now derive the classical sampling therem. Consider a function u ∈ Bπ . Let
fn = χ[−π,π ] exp(in · ). In the interval [−π, π] the Fourier transform of u, that is Fu,
can be expanded by its Fourier series, which is given by (〈 fn,Fu〉/(2π))n∈Z ∈ `2(Z).
The Fourier series is convergent in the L2([−π, π]) distributional sense. The essential
key to the sampling theorem is that 〈 fn,Fu〉 = 2π(F Fu)(n), which follows since Fu
has support in [−π, π]. The inverse Fourier transform can be applied term-wise on the
infinite sum from the expansion of Fu, which yields uniform convergence (see [21, p.
31]). Using this we get

u = F−1(Fu) = F−1
( ∑

n∈Z

〈 fn,Fu〉

2π
fn

)
=

∑
n∈Z
(F Fu)(n)F−1 fn =

∑
n∈Z

u(n)F−1 f−n. (2.4)
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Figure 2.1: The sinus cardinal function.

From the definition of fn and a basic translation property of the Fourier transform, it
follows that F−1 f−n = τn F−1χ[−π,π ]. Straightforward calculations then gives the well
known sinus cardinal function (see Figure 2.1)

sinc(t) = (F−1χ[−π,π ])(t) =

{ sin(π t)
π t if t 6= 0

1 if t = 0
. (2.5)

Next, using (2.1) we get that if v ∈ Bγ then u = σγ /πv ∈ Bπ and we may use (2.4) and
then scale the sinc functions accordingly to get back v. We have proved the following
result.

Theorem 2.2 (Classical sampling theorem) If u ∈ Bπγ then

u(t) =

∑
n∈Z

u(n/γ ) sinc(γ t − n), t ∈ R. (2.6)

with absolute convergence.

Remark. Theorem 2.2 is sometimes called the WSK–theorem, in honour of the men
behind it; Edmund T. Whittaker (1873–1956), Claude E. Shannon (1916–2001) and
Vladimir Aleksandrovich Kotel’nikov (b. 1908).

Remark. The rate at which the samples are taken in Theorem 2.2 is called the Nyquist
rate for Bπγ .

We will now give a more elegant approach to Theorem 2.2, first pointed out by
Hardy in [23]. If u ∈ Bπ , Fubini’s theorem, Theorem 1.3, allows us to interchange
the order of integration in the expression u = F−1 Fu and due to (2.5) we get u(t) =

〈sinc( · − t), u〉. Thus, Bπ is a RKHS and the reproducing kernels are given by kt =

sinc( · − t). From this point of view, the key to the sampling theorem is that (sinc( · −
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n))n∈Z constitutes an orthogonal basis in Bπ . Indeed, this follows immediately from
(2.3d) in Proposition 2.1 since (exp(in · ))n∈Z constitutes a complete orthogonal se-
quence in L2([−π, π]) and since orthogonality is preserved under isometric transfor-
mations. As these properties are known, Theorem 2.2 follows automatically. Note that
this approach only relies on the fact that there is a basis of reproducing kernels and
thus suggests generalisations. These will be explored in Section 2.3 and Section 2.5.

2.2.1 The Paley–Wiener Theorem

It is straightforward to see that any bandlimited function can be uniquely extended to
an entire analytic function. Indeed, if u ∈ Bγ then Fatou’s lemma (Theorem 1.2) to-
gether with the fact that µL([−γ, γ ]) < ∞ gives (see [14, pp. 59–60] or [26, p. 51 ff.]
for details)

d
d(<z)

(F−1 Fu)(z) =
d

d(<z)
1

2π

∫
[−γ,γ ]

(Fu)(s) exp(isz) dµL(s) =

1
2π

∫
[−γ,γ ]

(Fu)(s) ∂<zexp(isz) dµL(s). (2.7)

Obviously, the analogue result for differentiation with respect to the imaginary part of
z also holds. From these relations it is easy to verify that Cauchy–Riemann’s equations
are fulfilled for the extended function u : C → C, which is defined in accordance with
(2.7).

The result is not surprising in the sense that entire functions, except for the zero
function, can not have bounded support and thus every perturbation of an entire func-
tion is global. This, as argued in Section 2.1, is a necessary condition in order to make
sampling possible. Is it a sufficient condition? That is, is every entire function, such
that its restriction to R belongs to L2(R), bandlimited? The answer is no. Indeed, the
Gauss pulse u(z) = exp(−z2) is an entire function and its restriction to R is in L2(R),
but nevertheless its Fourier transform does not have bounded support.

The following fundamental result of Raymond Paley and Norbert Wiener gives a
precise connection between bandlimited and entire functions. For a proof, see [36, pp.
88–89] or [25, p. 181].

Theorem 2.3 (Paley–Wiener theorem) Let u be an entire function such that its restric-
tion to R belongs to L2(R). Then u|R ∈ Bγ if and only if

|u(z)| ≤ ‖u‖C (R) exp(γ |z|), ∀ z ∈ C . (2.8)
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2.3 Kramer’s Sampling Theorem

In this section we will develop a generalisation of Theorem 2.2 based on Hardy’s
identification that the sinc functions in (2.6) gives an orthogonal sequence. The first
theorem based on this was formulated by H. P. Kramer in [27]. However, our version
is based on the approach presented in A. Garcia’s paper [15], but slightly generalised
in order to fit our needs in Chapter 3. Throughout this section K is fixed to either C or
R.

Let X̃ be a Hilbert space, real if K = R, and let (λn)n∈Z+
be a sequence in I. More-

over, assume there exists a function k̃ : I → X̃ such that (k̃(λn))n∈Z+
is an orthonormal

basis in X̃.
Our objective is to construct a function space X where sampling is possible. We

take the image of the elements of X to be a finite dimensional vector space V over K
with dimension d . Let (eq)

d
q=1 ∈ Vd be a basis in V . We define X as a vector space

over K according to

X =
{
u ∈ V I

; ∃ ũ ∈ X̃d s.t. u(λ) =

d∑
q=1

〈k̃(λ), ũ(q)〉X̃ eq
}
. (2.9)

Let Xq = {u ∈ X ; u(λ) = v(λ) eq, v ∈ KI
} for each q ∈ {1, . . . , d}. Xn is a vector

subspace of X and it immediately follows that X = X1 ⊕ · · · ⊕ Xd . Define for each
n ∈ Z+ the function

sn : I 3 λ 7→ 〈k̃(λ), k̃(λn)〉X̃ ∈ K . (2.10)

The following lemma is the key to sampling in X (compare with (2.3d)).

Lemma 2.4 The representative ũ for u, as in (2.9), is unique. Further, if each Xq is
endowed with the norm ‖·‖Xq : Xq 3 u 7→ ‖ũ(q)‖X̃ then Xq is a Hilbert space isometri-
cally isomorphic to X̃ . X endowed with the norm ‖·‖X : X 3 u 7→ (

∑d
q=1‖ũ(q)‖2

X̃
)1/2

is also a Hilbert space. Pointwise evaluation in X is a continuous operation. Conver-
gence in the norm ‖·‖X implies pointwise convergence and uniform convergence on
subsets of I where ‖k̃(·)‖X̃ is bounded. Finally, (eqsn)n∈Z+

is an orthonormal basis in
Xq and (eqsn)n∈Z+,1≤q≤d is an orthonormal basis in X.

Proof. Since (k̃(λn))n∈Z+
is an orthonormal basis, ũ(q) is uniquely determined from

(〈k̃(λn), ũ(q)〉)n∈Z+
. Thus, ũ is unique, since (eq)

d
q=1 is a basis in V .

From the definition of Xq and the uniqueness of the corresponding representative in
X̃ it follows that the spaces are isomorphic. Further, from the polarization identity, see
e.g. [24, p. 98], it follows that Xq is a Hilbert space with inner product 〈u, v〉Xq =
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〈ũ, ṽ〉X̃ for u, v ∈ Xq . It is straightforward to check that X is a Hilbert space with the
inner product 〈u, v〉 =

∑d
q=1〈ũ(q), ṽ(q)〉 for u, v ∈ X.

Cauchy–Schwartz inequality yields |u(λ)| ≤ ‖k̃(λ)‖(
∑d

q=1‖ũ(q)‖). Thus, the map
u 7→ u(λ) is continuous. It also follows that convergence in ‖ · ‖X , implies pointwise
convergence and uniform convergence on subsets where ‖k̃( · )‖ is bounded.

The representative for eqsn ∈ Xq in X̃ is k̃(λn). Since (k̃(λn))n∈Z+
is an orthonor-

mal basis in X̃ and since Xq and X̃ are isometric, it follows that (eqsn)n∈Z+
yields an

orthonormal basis in Xq . With the inner product introduced in X it holds that Xi ⊥ Xj

if i 6= j . Thus, (eqsn)n∈Z+,1≤q≤d is an orthonormal basis in X.

Remark. It follows from the proof of Lemma 2.4 that if d = 1 and e1 = 1 (V = K)
then X is a RKHS and the reproducing kernels is given by kλ : I 3 t 7→ 〈k̃(λ), k̃(t)〉 ∈ K.
A general X can be thought of as a combination of d RKHSes.

Theorem 2.5 (Generalised Kramer sampling theorem) If u ∈ X then

u(λ) =

∑
n∈Z+

u(λn)sn(λ) , ∀ λ ∈ I . (2.11)

The convergence is absolute for each λ ∈ I and uniform on subsets of I where ‖k̃( · )‖X̃

is bounded.

Proof. From Lemma 2.4 it follows that if u ∈ X then

u(λ) =

∑
n∈Z+

d∑
q=1

〈eqsn, u〉Xq eqsn(λ) =

∑
n∈Z+

sn(λ)

d∑
q=1

〈eqsn, u〉Xq eq . (2.12)

Since 〈eqsn, u〉Xq = 〈k̃(λn), ũ(q)〉X̃ we get the reconstruction formula from the defini-
tion of X.

The absolute convergence follows from the fact that an orthonormal basis is an
unconditional basis and hence the order of summation does not matter. The uniform
convergence condition follows from Cauchy–Schwartz in the same manner as in the
proof of Lemma 2.4.

Example 2.1 In this example we present the approach used in [15] to construct the
kernels k̃.

Let (sn)n∈Z+
be a sequence of functions sn : I → K, and let (λn)n∈Z+

be a sequence
in I such that

sn(λm) = anδn,m, an ∈ K\{0} for each n ∈ Z+ , (2.13a)

(sn(λ))n∈Z+
∈ `2(Z+) for each λ ∈ I . (2.13b)
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Next, let (en)n∈Z+
be a complete orthogonal sequence in a Hilbert space X̃ and define

k̃ : I → X̃ as
k̃(λ) =

∑
n∈Z+

sn(λ)

an
en, λ ∈ I. (2.14)

Indeed this is a valid definition, since it follows from (2.13b) that for each λ ∈ I it
holds that k̃(λ) ∈ X̃. From a direct calculation it follows that k̃ is fits the framework
presented in this section. Thus, Theorem 2.5 may be used.

Example 2.2 (Discrete Kramer sampling theorem) Theorem 2.5 contains the follow-
ing discrete version of Kramer’s theorem, originally presented by A. Garcia in [18].

Let k̃ : I → `2(Z+) be a function such that (k̃(λn))n∈Z+
is a complete orthogonal

sequence in `2(Z+). If (cn)n∈Z+
∈ `2(Z+) and

u(λ) =

∑
n∈Z+

cn k̃(λ)(n) (2.15)

then we have the following sampling series for u

u(λ) =

∑
n∈Z+

u(λn)sn(λ) (2.16)

with sn as in (2.10).

2.3.1 Lagrange Type Interpolation

Obviously, sampling is closely related to interpolation. Therefore it is natural to be-
lieve that finite interpolation formulas may be extended to infinite sampling formulas.
The interpolation theorem we have in mind is the fundamental result that for any fi-
nite sequence (λn)

q
n=1 of distinct complex points and for any corresponding sequence

(wn)
q
n=1 of complex values, there exists a unique polynomial p : C → C of degree less

then or equal q − 1 that interpolates (wn)
q
n=1 at (λn)

q
n=1, i.e. for each n ∈ {1, . . . , q} it

holds that p(λn) = wn . p can be expressed with the simple formula

p =

q∑
n=1

wnln , (2.17)

where ln are the Lagrange polynomials

ln(λ) =
g(λ)

(λ− λn)g′(λn)
, g(λ) =

q∏
m=1

(
1 −

λ

λm

)
. (2.18)
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We will now show how Lagrange polynomial interpolation can be extended to infinite
sequences (λn)n∈Z+

. This type of extension is usually called Lagrange type interpo-
lation. A modern approach is to pursue a procedure similar to the one described in
Example 2.1, see for example [40, 15, 41].

Let (λn)n∈Z+
∈ `2(Z+) be a sequence of distinct scalars. A Weierstrass product is an

infinite product of the type λm ∏
n∈Z+

(1 − λ/λn) exp( f (λ)), where f is a polynomial
and m ∈ N. I turns out (see [28, pp. 376–381]) that there exists an entire function
g with simple zeros at (λn)n∈Z+

, which can be given as a Weierstrass product such
that the product is absolutely convergent for each λ ∈ C and uniformly convergent on
compact subsets of C. With this in mind, we may construct a Hilbert space X from
the recipe given in Example 2.1. Indeed, sn = g/( · − λn) fulfills the requirements
in (2.13). Thus, Lagrange type interpolation is possible for X, with reconstruction
formula (2.11).

We now give a converse result, which relates the constructed space X to Bγ trough
Theorem 2.3. Recall that an entire function g is said to be of order p if there are
γ,C ∈ R+ such that |g(λ)| ≤ C exp(γ |λ|p) uniformly in λ.

Theorem 2.6 (Hadamard theorem) Let g be an entire function of order p and (λn)n∈Z+

it’s non–zero zeros. Then there exists a polynomial f and a polynomial h, both of
degree ≤ p such that

g(λ) = λm exp(h(λ))
∏

n∈Z+

(
1 −

λ

λn

)
exp( f (λ/λn)) , ∀ λ ∈ C , (2.19)

where m is the order of g at 0.

See [28, pp. 386–387] for a proof. From Theorem 2.3 it follows that sinc is an entire
function of order 1. Thus, sinc(λ) =

∏
n∈Z(1−λ/n) exp(γ λ/n) =

∏
n∈Z+

(1−λ2/n2).

2.4 Frame Theory

So far, all the sampling formulas we have considered have been orthogonal, in the
meaning that the basis functions have been orthogonal. This is an ideal setting, but it is
often not enough. For example, Theorem 2.2 seems to indicate that if we take samples
of an L2 function of exponential type distributed over all of R denser than the Nyquist
rate, then the function should be reconstructible from theses samples. Intuitively, it
feels like such reconstruction should be stable, since the function “has nowhere to go”
if the samples are distributed over all of R. So far we are stuck with Lagrange type
interpolation if we want to find a reconstruction formula, unless the samples are uni-
formly distributed. However, maybe the same arguing can be used for non-uniformly
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distributed samples if we allow the basis functions to be non-orthogonal. It turns out
that this is possible, and the necessary tool is frame theory. In this section we give a
short introduction to frames. For a more thorough treatment see [9, 8, 4]

Note that the extension of the basis concept from a finite dimensional to an infinite
dimensional vector space is not unique. This is due to the fact that in an infinite
space we represent a function as a convergent infinite sum. That is, the basis depend
on the topology of the infinite vector space. A Schauder basis in a Banach space Y
is a sequence (en)

∞

n=1 in Y such that for every element u ∈ Y there exists a unique
sequence of scalars (µn)

∞

n=1 so that u = limN→∞

∑N
n=1 µnen . The uniqueness of the

representation assures that the basis functions are linearly independent in the limit
sense. The sequence (en)

∞

n=1 is called an unconditional basis if for every set A ⊂ Z+

the projection
∑

∞

n=1 µnen 7→
∑

n∈A µnen is continuous. This means that the order of
summation does not matter in an unconditional basis. Not every Banach space have
an unconditional basis. For example L1 and L∞ does not. An unconditional basis
in a Hilbert space is called a Riesz basis. For information on Schauder bases and
unconditional bases, see the first chapter in Daubechies’ book on wavelets [9].

A frame can be seen as a generalisation of the basis concept in Hilbert spaces. In-
deed, we will see that a frame is a Riesz basis up to the requirement that the elements
should be linearly independent.

Throughout the rest of this section, X will denote an infinite dimensional Hilbert
space.

Definition 2.3 (Frame) A sequence (en)n∈Z+
of non-zero vectors in X is called a frame

of X if there exists constants A, B > 0 such that

A‖u‖
2

≤

∑
n∈Z+

|〈en, u〉|
2

≤ B‖u‖
2 (2.20)

for all u ∈ X.

A pair of constants A and B that fulfils (2.20) are called, respectively, a lower and
an upper frame bound. If µL([A, B]) ≤ µL([A′, B ′]) for any frame bounds A′, B ′,
then A, B are called the optimal frame bounds. If there are frame bounds such that
A = B the frame is said to be tight. Let us now give some properties that relates the
basis concept to the frame concept.

Proposition 2.7 Let (en)n∈Z+
be a normalised frame of X, with optimal frame bounds

A, B. Then the following equivalencies hold:

(i) A = B = 1 ⇐⇒ (en)n∈Z+
is an orthogonal basis in X.

(ii) A ≤ 1 ≤ B ⇐⇒ (en)n∈Z+
is a Riesz basis in X.
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If A, B are not optimal, the implications holds from left to right.

Proof. Assume that A = B = 1 and set u = ek for some k ∈ Z+. It then follows that
ek is orthogonal to every other frame vector and thus (en)n∈Z+

is an orthonormal set.
Next, it must be an ON–basis, since otherwise it would be possible to find a v ∈ X,
not equal to the zero vector, such that 〈en, v〉 = 0 for all n ∈ Z+. If (en)n∈Z+

is an
orthonormal basis it follows from Parseval’s relation that A = B = 1. Thus (i) is
proved. For a proof of (ii), see [8] or [9].

Frame theory may be formulated by introducing linear operators. Indeed, this makes
the theory very elegant. Let R denote the linear map X 3 u 7→ (〈en, u〉)n∈Z+

∈ `2,
where `2 = `2(Z+). If u ∈ X and c ∈ `2 we then have

〈R f, c〉`2 =

∑
n∈Z+

c(n)〈en, u〉 =

∑
n∈Z+

c(n)〈u, en〉 = 〈u,
∑

n∈Z+

c(n)en〉 ,

which means that the adjoint operator is the map R∗ : c 7→
∑

n∈Z+
c(n)en .

The frame operator is defined as F = R∗ R. From the frame condition (2.20) it
follows directly that A ≤ ‖R‖

2
≤ B and thus R is continuous. Since 〈Fu, u〉 =

‖Ru‖
2, the frame condition may also be written

A IdX ≤ F ≤ B IdX . (2.21)

Frames has many similarities with bases. In fact, a frame is a Riesz basis up to the
linear independence. That is, a frame can be redundant, i.e. the representation of a
function “expanded” in the frame is not unique. However, the inverse problem has a
unique solution, which may be calculated in a stable way. From an operator point of
view this means that R has a bounded left inverse. To prove this it suffices to prove
that F has a bounded inverse, since the associativity of the product for bounded linear
operators (see [21, p. 216]) then gives Id = F−1 F = F−1(S∗S) = (F−1S∗)S.

Proposition 2.8 The frame operator F has a bounded inverse and the inverse F−1

fulfils the operator inequality Id /B ≤ F−1
≤ Id /A.

Proof. Due to the coercivity of F , the existance of a bounded inverse follows directly
from Lax-Milgram’s theorem. From the same theorem it also follows that Id /B ≤

F−1
≤ Id /A. However, from a numerical point of view, the following proof might

be more interesting, because it gives an explicit reconstruction scheme. Set G =

Id −
2

A+B F . This is a contractive operator, thus (Id −G)−1 has a bounded inverse given
by the geometrical series

∑
∞

k=0 Gk . We now have

F−1 F =
2

A + B
A + B

2
(Id −G)−1(Id −G) = IdX .
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This finishes the proof.

Hence, R has a bounded inverse given by the “pseudo inverse” R+
= F−1S∗. Since

the operator G in the proof is contractive, inversion may be accomplished by the it-
eration formula un+1 =

2
A+B Fu + T un . Due to the fixpoint theorem un → u as

n → ∞.
A sequence (ēn)n∈Z+

is called a dual frame to (en)n∈Z+
if it is a frame of X with the

property that any u ∈ X can be reconstructed by the formula

u =

∑
n∈Z+

〈u, en〉ēn.

According to the above results, the vectors ẽn = F−1en gives a dual frame with frame
bounds 1/A and 1/B. This frame is called the canonical dual frame. If the frame
(en)n∈Z+

is tight then ẽn =
1
A en . If (en)n∈Z+

is a Riesz basis, so is (ẽn)n∈Z+
, and

the relation 〈en, ẽk〉 = δnk holds (sometimes called bi-orthogonality). In a way, this
relation suggests that a Riezs basis is the next best thing to an orthogonal basis.

The notion of frames where introduced by Duffin and Schaffer in [12]. They used
it do describe a certain class of non-harmonic Fourier series. We will give one of their
main results (Theorem 2.9), which in the next section will lead to a non-orthogonal
sampling formula.

Definition 2.4 (Uniform density) A sequence (λn)n∈Z ∈ RZ is said to have uniform
density γ if there exists real numbers L and ε such that

|λn −
n
γ

| ≤ L ,

|λn − λk | ≥ ε > 0, n 6= k ,

for all n ∈ Z.

Theorem 2.9 If (λn)n∈Z+
has uniform density h and γ < h then (exp(iλn·))n∈Z+

is a
frame of L2([−γ, γ ]).

2.5 Non-orthogonal Sampling Formulas

So far, all sampling formulas considered are orthogonal, i.e. (k̃(λn))n∈Z+
in Theo-

rem 2.5 is an orthogonal sequence. The connection between sampling theory and
frame theory is established in the following manner; find a RKHS X and a sequence 3
such that the reproducing kernels (k(λn))n∈Z+

yields a frame of X. If T3 is the frame
operator of the canonical dual frame then sampling is possible in X with the triple
(X,3, T3).
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There is a strong correlation between non-orthogonal sampling and sampling on
non-equidistant grids. Indeed, it follows directly from Proposition 2.3d and Theorem
2.9 that Theorem 2.2 may be generalized to non-uniform samples of uniform density.
Theorem 2.5 may also be generalized in the same fashion. Let X be a Hilbert space
as in (2.9), and assume for simplicity that d = 1 and e1 = 1. Also, assume we are
given a new sequence (λ′

n)n∈Z+
such that (k̃(λ′

n))n∈Z+
is a frame of X̃. Let f̃n be the

canonical dual frame, and define s ′

n : I 3 λ 7→ 〈k̃(λ), f̃n〉X̃ . We then have the following
generalisation of Theorem 2.5.

Theorem 2.10 If u ∈ X then

u(λ) =

∑
n∈Z+

u(λ′

n)s
′

n(λ) , ∀ λ ∈ I . (2.22)

The convergence is absolute for each λ ∈ I and uniform on subsets of I where ‖k̃( · )‖X̃

is bounded.

Proof. Let ũ ∈ X̃ be the representative of u and let A, B be a lower and upper frame
bound. We have the expansion

ũ =

∑
n∈Z+

〈k̃(λ′

n), ũ〉X̃ f̃n .

From this we get

u(λ) = 〈k̃(λ), ũ〉X̃ = 〈k̃(λ),
∑

n∈Z+

〈k̃(λ′

n), ũ〉X̃ f̃n〉X̃ =

∑
n∈Z+

〈k̃(λ′

n), ũ〉X̃〈k̃(λ), f̃n〉X̃ ,

i.e. (2.22). It also follows from Cauchy–Schwartz inequality and Proposition 2.8 that

|u(λ)|2 ≤
( ∑

n∈Z+

|〈k̃(λ′

n), ũ〉X̃ |
2)( ∑

n∈Z+

|〈k̃(λ), f̃n〉X̃ |
2)

≤
B
A

‖ũ‖
2
X̃
‖k̃(λ)‖2

X̃
.

Due to Lemma 2.4 ‖u‖X = ‖ũ‖X̃ , and hence convergence in ‖ · ‖X implies uniform
convergence on sub-domains where ‖k̃( · )‖X̃ is bounded.

2.6 Past Sampling

Most results in sampling theory, e.g. Theorem 2.2, concerns a setup where functions
on R are reconstructed from samples taken over all of R. This setting is not optimal in
order to derive multistep methods from sampling formulas. Instead, we would like to
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find a sampling formula which predicts values from past samples, as with the backward
difference expansion presented in Chapter 1.

A sampling theorem for past samples may be constructed in terms of Lagrange
type interpolation. That is, given a sequence (λn)n∈Z+

such that λn+1 < λn , set sn =

g/( · −λn), where g is an entire function with simple zeros at (λn)n∈Z+
. Then Theorem

2.5 may be used as in Example 2.1 to construct a space X where sampling is possible.
However, this approach has a downside; each basis function sn ∈ X depends on the
whole sequence (λn)n∈Z+

. In practice, this means that a discretization would involve
both a truncation of a series and an approximation of the involved basis functions sn .
It is of course preferable to obtain a discretization from only a truncation. Thus, it is
motivated to look for a past sampling theorem where sn only depends on (λm)

n
m=1. In

this section we will construct such a sampling theorem.
Let I be an interval as in (1.1) and let (λn)n∈Z+

be a sequence in I. Next, for n ∈ Z+,
let 3n = (λm)

n
m=1. For each 3n , let s3n ∈ C 1(I) be a function such that s3n (λm) = 0

if m < n and s3n (λn) 6= 0. Also, it should hold that k(t) := (s3n (t))n∈Z+
∈ `2(Z+)

for each t ∈ I. Next, define the space

X =
{
u ∈ KI

; ∃ c ∈ `2(Z+) s.t. u(t) = 〈c, k(t)〉`2(Z+) , ∀ t ∈ I
}
. (2.23)

From Cauchy–Schwartz’s inequality it follows immediately that the representative c
for u ∈ X is unique. Thus, with the norm ‖u‖X := ‖c‖`2(Z+), X is isometrically
isomorphic to `2(Z+), and convergence in this norm implies point-wise convergence
and uniform convergence on subsets of I where ‖k(·)‖`2(Z+) is bounded. Note that
(s3n )n∈Z+

is an orthonormal basis in X. Let S ∈ L (X, `2(Z+)) be the isomorphism
X 3 u 7→ c ∈ `2(Z+), and T ∈ L (`2(Z+),X) its inverse. Now, which is the
connection to sampling?

It follows directly from the properties of s3n that if u ∈ X then s31(λ1)(Su)(1) =

u(λ1). Further, (Su)(1)s31(λ2) + (Su)(2)s32(λ2) = u(λ2). In fact, for each n ∈ Z+

we have a linear lower triangular system of n equations. This can be written Ax = b,
where x = ((Su)(1), . . . , (Su)(n)), b = (u(λ1), . . . , u(λn)) and A is a lower trian-
gular n × n matrix. Due to the properties of s3n , the diagonal elements are non-zero
and thus A is invertible. In this way Su, and thus also u, can be reconstructed from
its samples (u(λn))n∈Z+

. Note that the conditions on s3n only depend on (λm)
n
m=1. We

have now given a way to construct sampling spaces in which past sampling is possible.
Partial reconstruction does not depend on the entire sampling grid.

Example 2.3 The setting given in this example is, in view of Chapter 3, the most
important result in this chapter. Indeed, we will use the sampling space in this example
frequently when we derive multistep method.

Let I = R− and (λn)n∈Z+
be a sequence as above, but with the additional conditions
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that 0 ≥ λn > λn+1 for all n ∈ Z+, λn → −∞ as n → ∞ and there exists an ε > 0
such that −(h0 − ε)n < λn , where h0 ∈ R+. Further, let

s3n (t) =

{
1 if n = 1

1
hn−1

0 (n−1)!

∏n−1
m=1(t − λm) if n ∈ Z+\{1}

. (2.24)

It follows that if k(·) is defined as above, then k(t) ∈ `2(Z+) for each t ∈ I. Indeed,
there exists an n0 ∈ Z+ such that λn ≤ t for n > n0. Hence, |t − λn| ≤ (h0 − ε)n for
these n. Set C = s3n0

(t). Then we get

|s3n (t)| ≤
(n0 − 1)!C

∏n−1
m=n0

(h0 − ε)m

hn−n0+1
0 (n − 1)!

= C
(h0 − ε

h0

)n−n0+1
(2.25)

for n > n0 and hence k(t) ∈ `2(Z+). It is easy to verify that the rest of the properties
for s3n are fulfilled. Thus we can construct a space X as described above. It follows
from each linear equation Ax = b as above that (Su)(n) = u[λ1, . . . , λn]hn−1

0 (n −1)!,
where u[λ1, . . . , λn] denotes the Newton divided differences (see e.g. [35]).

We now give some properties of X which will be useful now and then.
(i) The space of polynomials is a dense subset of X. Indeed, this follows directly

from the construction of X.
(ii) Convergence in ‖ · ‖X implies uniform convergence on any bounded interval.

Indeed, let [a, b] ⊂ I be a bounded interval and let t ∈ [a, b]. With the same argument
as above, it follows that there exists an n0 such that |s3n (t)| ≤ C(t)(h0 − ε)n/hn

0 for
n > n0. C is now a polynomial independent of n and thus bounded on [a, b]. From
the general properties of X it follows that |u(t)| ≤ ‖u‖‖(C ′(h0 − ε)n/hn

0)n∈Z+
‖`2(Z+),

where C ′
≥ C(t) for t ∈ [a, b].

(iii) X ⊂ C 1(I) and (Du)(t) =
∑

n∈Z+
(Su)(n)(Ds3n )(t). First, let pn be the poly-

nomial which corresponds to a truncation with n terms of the expansion of u ∈ X. Due
to (ii) pn converges uniformly on any bounded interval [a, b] ⊂ I as n → ∞. Since
(pn)n∈Z+

are polynomials it also holds that (Dpn)( · ) converges uniformly on [a, b] as
n → ∞. It now follows from well-known theorems on differentiation and continuity,
see e.g. [21, p. 351], that u is differentiable on [a, b], Dpn → Du as n → ∞ and Du
is continuous on [a, b]. Since (Dpn)(t) =

∑n
m=1(Spm)(n)(Ds3n )(t) it follows from

a simple contradiction argument that (Du)(t) =
∑

n∈Z+
(Su)(n)(Ds3n )(t). Further,

since [a, b] has been chosen arbitrary u is differentiable, and Du is continuous, on I.
(iv) If u ∈ C ∞(I) and it holds that supt∈[λn ,0]|h

n−1
0 u(n−1)(t)| = O(1/nα) as n → ∞

for some α > 1/2, then u ∈ X. Indeed, from well-known relations in interpolation
theory (see [11, p. 65]) it follows that

c(n) := u[λ1, . . . , λn]hn−1
0 (n − 1)! = hn−1

0 u(n−1)(ζ ) (2.26)
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for some ζ ∈ [λn, 0]. Hence c ∈ `2(Z+). Let pn be as in (iii). From general
error-estimates in interpolation theory (see [11, p. 64]) we get that u(t) − pn(t) =

hn
0u(n)(ζ )s3n+1(t) for some ζ > min{λn, t}. Therefore limn→∞ pn(t) = u(t), since

there exists an n0 so that λn < t if n > n0.

Remark. Gelfond’s theorem (see [20] or [31]) hints that if u is an entire function of
exponential type γ , then u ∈ X if h0γ < log 2. We have however not examined this in
detail. The same theorem also suggests that X would include entire functions of higher
order than 1 if the sampling grid is fine enough.

2.7 Group Theoretic Approach

So far, the technique to derive sampling theorems has been to generalise the classi-
cal sampling theorem, Theorem 2.2, by introducing other transforms between Hilbert
spaces. Hence we have not used the group theoretic properties of the Fourier trans-
form. Another approach is to consider abstract harmonic analysis in order to derive a
sampling theorem. In this section a brief presentation of that approach is presented.
We assume that the reader is somewhat familiar with locally compact Abelian groups
and duality theory. For a reference, see [32].

Let G be a locally compact Abelian group, with Haar measure µH . Moreover, Ĝ
denotes the dual group of G. For a character τ ∈ Ĝ, the action of τ on t ∈ G is denoted
et(τ ). Let µ̂H be the Haar measure on Ĝ. For a complex valued integrable function
u on G the Fourier transform for τ ∈ Ĝ is defined as û(τ ) =

∫
u(t)e−t(τ ) dµH (t).

For L ∈ R+, a set E ⊂ Ĝ is called L–transversal if µ̂H (E) = 2L and there exists a
sequence (tn)n∈Z+

∈ G∞ such that ((2L)−1/2etn ( · )χE( · ))n∈Z+
is an orthonormal basis

for the space of equivalence classes of square integrable functions on E (integration
with respect to µ̂H ). With this setting, Theorem 2.2 can be generalised in the following
fashion (for a proof see [13, p. 243]).

Theorem 2.11 If E ⊂ Ĝ is L–transversal, and u is a complex valued square integrable
function such that supp û ⊂ E, then

u(t) =
1

2L

∑
n∈Z+

u(tn)χ̌E(t − tn) , ∀ t ∈ G , (2.27)

where χ̌E denotes the inverse Fourier transform of χE.
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2.8 Infinite Vandermonde Matrices

We now give an answer to the question posed in Chapter 1, concerning the inverse
of an infinite Vandermonde matrix. Assume that X is a sampling space of infinitely
differentiable functions. Let (X,3, T3) be a sampling triple. Then (Dmu)(t) =

Dm(T3(u(λ))λ∈3)(t) for all t ∈ Dom X. Thus we have a map

(u(λ))λ∈3 7→ ((Dmu)(t))∞m=0 , (2.28)

i.e. an inverse to the infinite Vandermonde matrix V in (1.8). The question about
Vandemonde matrices is perhaps most interesting if we use the sampling space in
Example 2.3.



CHAPTER 3

MULTISTEP METHODS AND DISCRETIZATION

The mathematician’s patterns, like the painter’s or the
poet’s must be beautiful; the ideas, like the colors or the
words must fit together in a harmonious way. Beauty is the
first test: there is no permanent place in this world for ugly
mathematics.

(G.H.Hardy, A Mathematician’s Apology)

Summary In this chapter we give several examples on how multistep methods can
be related to sampling theorems. At first, we formally treat the common elements of
numerical schemes and their objectives. The next section gives a connection between
sampling theorems and multistep methods. That is, we show how multistep methods
can be derived from sampling formulas. At the end of this section we give some spe-
cific examples, both on regular and irregular grids. Section 3.3 gives an outline which
makes multistep methods similar with Galerkin methods. The motivation for this out-
line is twofold; first it identifies the necessary steps involved with an implementation of
a multistep methods, and second it makes the concepts involved with the error analysis
more transparent. In the last section we do a formal error analysis without details.

3.1 Generalities of Numerical Schemes

Let us again give the main problem formulation as in Chapter 1; find a u ∈ C 1(I,V)
such that

u̇(t) = f (u(t)), ∀ t ∈ I,

u(0) = ξ0, ξ0 ∈ V
(3.1)

with V and f as in (1.1). Assume that for all ξ0 ∈ V there is a unique solution. This
allows us to view (3.1) as a dynamical system, where the evolution rule is determined
from f and the phase space is V . Recall that a point in the phase space is called a
state (of the system). Formally we get the solution as u(t) = φt(ξ0), where the flow
φt : V → V is a one parameter family of vector fields. We will sometimes use the

30
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alternative notation φ(t, x) = φt(x). The states on the solution trajectory generates a
set {x ∈ V; x = φt(ξ0), t ∈ I} called the orbit of ξ0.

Remark. Strictly speaking, the dynamical system is a flow only if I = R. We neglect
this for the moment, since the word “flow” is intuitive to use in this situation even
though I 6= R.

Naturally the flow inherits the group structure on R; φt+s(x) = φs(φt(x)). Thus,
given a stepsize sequence (hn)n∈Z+

∈ RN
+

such that
∑

n hn ∈ I we get

u(
N∑

n=1

hn) =
(
φhN ◦ · · · ◦ φh1

)
(ξ0) = φhN (φhN−1(. . . φh2(φh1(ξ0)) . . .)). (3.2)

This means that states on a trajectory are given through recursion over the flow. The
objective of a numerical scheme is to “emulate” the iteration in (3.2). Before we
discuss this further, let us first motivate the approximation per se.

The dynamical system induced by (3.1) is instantaneous, i.e. the solution is uniquely
determined from ξ0 only; no matter what happened in the past, the future is determined
from the present state and the evolution rule only.

Now, suppose we are given a sequence of states that belongs to a trajectory. Is it
possible, from the sequence only, to say anything about the other states on the trajec-
tory? One may think not, as the system is instantaneous as explained above. However,
the behavior between two states on an orbit is restricted, due to regular behavior of
the system. This regularity gives us hope to find accurate approximations.

Indeed, the regularity of a dynamical system, corresponding to an ODE, is essential
for the construction and the error estimation analysis of numerical schemes.

The most straightforward class of schemes is the family of one-step methods. These
consists of a stepsize controller, that generates a stepsize sequence, and an approxi-
mation to the flow φ̃t : V → V . The solution is then generated as in (3.2), but φt is
replaced with φ̃t .

Regularity of a dynamical system implies smoothness of the flow. One-step methods
are derived with this in mind. However, regularity also implies dependency between
states (in the meaning explained above). This fact is not considered in one-step meth-
ods.

Multistep methods is another family of schemes. These methods use more than one
state of the trajectory in order to approximate the flow in each iteration. Thus, both
smoothness of the flow and causality are taken into account. The relation to (3.2) is
not as straightforward as for onestep methods, since it is not possible to just replace
the original flow with an approximation. Instead, a p-step method can be represented



32 Chapter 3 Multistep Methods and Discretization

as iteration over a map

ψ̃ : I × . . .× I︸ ︷︷ ︸
p times

× V × . . .× V︸ ︷︷ ︸
p times

→ V (3.3)

according to the “convolution”

ξq = φ
( q∑

j=1

h j , ξ0

)
, 1 ≤ q ≤ p

ξN = ψ̃(hN+1−p, . . . , hN , ξN−p, . . . , ξN−1) , N > p.

(3.4)

The relation to (3.2) becomes clear if we introduce ψ in a natural way

ψ(h1, . . . , hp, x0, . . . , xp−1) =

p∑
q=1

aqφhp ◦ · · · ◦ φhp−q+1(xp−q)

=

p∑
q=1

aqφ
( q−1∑

r=0

hp−r , xp−q

)
,

p∑
q=1

aq = 1 , a1, . . . , ap ∈ C.

(3.5)

It follows that the iteration scheme in (3.4), with ψ̃ = ψ , will generate the sequence
(φhN ◦· · ·◦φh1(ξ0))N . In the same manner as for onestep methods, we can now say that
a p-step scheme consists of a stepsize controller and a map ψ̃ , that should approximate
ψ . The special case where aq = 0, q < p and ap = 1 adapts to the setting in (3.2).

The formula in (3.5) immediately suggests a way to derive p-step schemes; choose
an approximation to the flow φ̃t , corresponing to a one-step method, and construct ψ̃
according to (3.5), with φt = φ̃t . In the same fashion, one may also construct multistep
methods from p different onestep methods.

3.2 Sampling Approach to Multistep Methods

The way we presented multistep methods in the previous section is altogether formal;
there is nothing about how to actually find an approximation to the flow ψ̃ (except for
the case where multistep methods are derived from one-step methods).

Classically, ψ̃ is not derived explicitly from the flow. Instead, the original equation
(3.1) is through polynomial interpolation replaced with another equation which can
be solved numerically. This indirect way of constructing multistep methods generally
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makes the analysis hard to carry out. Especially if the grid is not uniform, see [35]. A
better approach is to derive multistep methods from the flow φ in (3.4).

In this section we show some examples of how multistep methods can be derived
directly from a sampling formula for the solution, i.e. from an explicit formula of the
flow.

The idea is the following; maybe it is possible through sampling theory to find a
formula for the flow if we allow φ to depend on an infinite number of samples. In
order to have it so we assume that the solution u in (3.1) and its derivative u̇ is in
a subspace X ⊂ C 1(I,V) where sampling is possible. Then, if (X, h3, Th3) is a
sampling triple, we have a formula for φ which may be discretized in order to find an
approximation ψ̃ . As we explained in 1.1, this approach has so far only been applied
for uniform grids, through the backward difference operator ∇h .

Under the assumptions above we can reformulate (3.1), e.g. on a BDF form

find u ∈ X such that(
DTh3(u(hλ))λ∈3

)
(t) = f (u(t)) , ∀ t ∈ I ,

u(0) = ξ0 , ξ0 ∈ V .

(3.6)

The principle part can also be given on an Adams form

u(t) = u(−a)+

∫
[−a,t]

Th3( f (u(hλ)))λ∈3 dµL, ∀ t ∈ I , (3.7)

or on a general form(
DTh3(u(hλ))λ∈3

)
(t) =

(
Th3( f (u(hλ)))λ∈3

)
(t), ∀ t ∈ I . (3.8)

We now give a formal description of how multistep methods can be derived from
(3.6). Let 3k be a subset of 3 with k elements and let Gh3k : Vh3k → C 1(I,V) be
a discretization of the reconstruction operator DTh3. If we replace DTh3 in (3.6), we
get a multistep method which in each recursive step reads; given a sequence (ξn)

k−1
n=1 ∈

Vk−1 find ξk ∈ V such that(
Gh3k (ξn)

k
n=1

)
(t) = f (ξk) , t = max

s∈h3k
s . (3.9)

In a similar manner, Adams methods and general multistep methods can be derived
from (3.7) and (3.8).

3.2.1 Uniform Grid Setting

Let us give some examples of how multistep formulas may be derived from different
sampling results in Chapter 2.
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Example 3.1 In this example we will show how multistep methods can be derived
from the classical sampling theorem, Theorem 2.2. Assume that the solution to 1.1 is
bandlimited with bandwidth γ , i.e. u ∈ Bγ . Then

u(t) =

∑
n∈Z

u(hn/γ ) sinc(γ t/h − n) , t ∈ I , (3.10)

if h ≤ 1. For any N ∈ Z+ we may rewrite (3.1) as

N∑
k=−N

(
D

∑
n∈Z

u(hn/γ ) sinc(γ · /h − n)
)
(hk/γ + t) =

N∑
k=−N

f (u(hk/γ + t)) . (3.11)

If we evaluate this expression at t = 0 and truncate the sampling series we get a
discretized equation as

N∑
n=−N

ξn

N∑
k=−N

(
D sinc(γ · /h − n)

)
(hk/γ ) =

N∑
k=−N

f (ξk) , (3.12)

which gives a multistep method (ξk)
N−1
k=−N 7→ ξN . The method coefficients

αn =

N∑
k=−N

(
D sinc(γ · /h − n)

)
(hk/γ ) =

γ

h

N∑
k=−N

sinc′(k − n) (3.13)

are anti-symmetric, i.e. αn = −α−n . Hence, α0 = 0. Direct calculations yields that
the order of the method for 1 ≤ N ≤ 3 is two. The method coefficients are given in
the table below.

N α1 α2 α3

1 γ
2h

2 −
7γ
12h

γ
6h

3 −
37γ
60h

13γ
60h −

γ
12h

Table 3.1: Coefficients for some multistep methods.

Example 3.2 In this example we will derive the classical Adam–Moulton methods
from operator expansions of the backward difference operator ∇h , similar with that in
Chapter 1.
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Let X be as in Example 2.3 for an equidistant grid (h − hn))n∈Z+
, where h < h0,

and assume that u̇ ∈ X, where u is the solution to (3.1). It then holds that

u̇(t) =

∞∑
n=0

(
∇

n
h u̇

)
(0)s3n+1(t) (3.14)

We now reformulate (3.1) in accordance with (3.7) as

u(t) = u(−a)+

∫
[−a,t]

∞∑
n=0

(
∇

n
h f (u)

)
(0)s3n+1(t) dµL . (3.15)

Due to the dominated convergence theorem (Theorem 1.1) we get

u(0) = u(−a)+

∞∑
n=0

(
∇

n
h f (u)

)
(0)

∫
[−a,0]

s3n+1(t) dµL . (3.16)

When the series is truncated with N + 1 terms we get for each N the corresponding
classical Adam–Moulton equation, i.e. an equation on the form

given (ξn)
N
n=1 ∈ KN find ξ0 ∈ K such that

ξ0 = ξ1 + h
N∑

n=0

βn f (ξn) ,
(3.17)

where βn ∈ K for each n ∈ {0, . . . , N }.

3.2.2 Non-uniform Grid Setting

The extension to non-uniform grids, when seen from a sampling perspective, is the-
oretically not in any way more complicated than in the uniform case. The outline is
the same; multistep methods come from a discretized sampling series. We give some
examples of non-uniform settings.

Example 3.3 In this example we derive explicit multistep methods. With the same
setting as in Example 2.3, let u ∈ X be the solution to (3.1). Assume also that u̇ ∈ X.
We can now reformulate (3.1) according to (3.6) as∑

n∈Z+

(Su)(n)(Ds3n )(t) = f (u(t)) , ∀ t ∈ I . (3.18)

Thus it holds that ∑
n∈Z+

(Su)(n)(Ds3n )(λ2) = f (u(λ2)) , (3.19)
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which on truncation yields an explicit BDF–formula corresponding to a BDF–method.
Similarly, if λ1 < 0 we get explicit Adams methods from the formula

u(0) = u(λ1)+

∑
n∈Z+

(
S f (u)

)
(n)

∫
[λ1,0]

s3n dµL . (3.20)

Remark. If the grid is uniform, then the multistep methods in this example coincide
with the classical explicit multistep methods (see [35, Chapter 1]).

Example 3.4 Assume we have the setting in the previous example. We can then derive
implicit methods, e.g. implicit generalised BDF–methods from the formula

D
( ∑

n∈Z+

(Su)(n)s3n

)
(λ1) = f (u(λ1)) , (3.21)

or generalised Adam–Moulton methods from the formula

u(λ1) = u(λ2)+

∑
n∈Z+

(
S f (u)

)
(n)

∫
[λ2,λ1]

s3n dµL . (3.22)

Example 3.5 Let I = R− and let u ∈ C 1(I,V) be the solution to (3.1). Assume there
exists a strictly monotone function ρ ∈ C 1(I, I), such that ρ(0) = 0 and u ◦ ρ ∈ X,
where X is a sampling space as in Example 2.3. If v = u ◦ ρ, it holds that

(Dv)(t) = ρ̇(t) f (v(t)) , ∀ t ∈ I . (3.23)

The methods in the examples above can now be used to find an approximation to v,
from which we get an approximation to u.

Remark. The function ρ corresponds to some step-size sequence, relative to the orig-
inal grid in the sampling space. Accordingly, one can say that the objective of a step-
size controller is, in conjunction with a sampling space X, to find a valid ρ.

3.3 Galerkin–like Outline

So far we have not described all the steps involved with multistep methods. All we
have done is to give ideas on how to derive equations for which the solution is formally
given by ψ in (3.4). In this section we develop a way of thinking, which yields a
general outline for the procedure involved with a multistep algorithm. The reason for
this formalism is twofold; (1) the implementation becomes straightforward and (2) it
becomes easier to identify the general concepts involved with the error analysis.
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Let X be a Hilbert space, real if K = R, and consider a problem of the following
kind; find u ∈ X such that A(u, e) = L(k) for all e ∈ X, where A is a continuous
bilinear form and L ∈ X∗. If (en)n∈Z+

∈ X∞ is a frame of X, then the problem can
be restated as follows; find u ∈ X such that A(u, en) = L(en) for all n ∈ Z+. The
idea in Galerkin methods is to choose a finite dimensional subspace Xh ⊂ X and then
to solve the problem; find ũ ∈ Xh such that A(ũ, e) = L(e) for all e ∈ Xh . Here, h
is a discretization parameter such that dim Xh ∼ 1/h. As in the infinite dimensional
case, we may restate the problem to involve only a finite number of equation, if Xh is
spanned by a sequence in Xdim Xh

h . For further reading on Galerkin methods, see e.g.
[6, 39].

Now, let B : X × X → K be a continuous map. Our objective is to set up (3.1) in
terms of multiple equations of the kind; find u ∈ X such that B(u, e) = L(e) for all
e ∈ X and L ∈ X∗. Each such equation should on truncation correspond to a recursive
step in a multistep algorithm. More specific, assume Xm for each m ∈ {0, . . . ,M} is a
RKHS, and let Qm+1 be a continuous map Xm → X∗

m+1. The idea is to reformulate the
original problem (3.1) as

given u0 ∈ X0

solve recursively the equations:

find um ∈ Xm such that

Bm(um, e) = Qm(um−1)(e) for all e ∈ Xm

(3.24)

where it should hold that the m:th sub-problem has unique solution in Xm . Then each
sub-equation can be discretized as in the Galerkin case, i.e. solved in a finite di-
mensional subspace of Xm . Note the difference between this setting and the Galerkin
setting; Bm is not necessarily bilinear. Thus, the question weather or not each sub-
problem has a unique solution is generally tricky to answer. However, if Bm is lin-
ear and continuous in its second argument, i.e. Bm(v, · ) ∈ X∗, the non-linear Lax–
Milgram Theorem (see [42, 39]) might be used in a similar manner as in the bilinear
case.

There are of course many ways to reformulate (3.1) to fit the setting above. Also,
note that it is not necessary to involve sampling theory. But, since the scope of our
work deals with the connection between sampling and multistep methods, we will
give an example of such a setting. The example have been derived with Example 2.3
in mind. However, it is general enough to fit other sampling settings as well.

Example 3.6 Let I = (−∞, a], where a > 0, and let (Xm)
M
m=0 ∈ C 1(R−)

M+1 be a se-
quence of sampling spaces. Next, assume we are given a step-size sequence (δm)

M
m=1 ∈

RM
+

such that
∑M

m=1 δm = a. Let α0 = 0 and αm =
∑m

n=1 δn for m ∈ {1, . . . ,M}.
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Further, for α ∈ [0, a] define Zα = {v ∈ C 1((−∞, α]); Dv = f (v)}, where f is
the right hand side in (3.1) (with V = K). Assume that τ−αm Zαm ⊂ Xm for each m
and let Em : Xm−1 → Xm be an extension map such that if u ∈ τ−αm−1Zαm−1 then
(τδm Emu)|R−

= u. Hence, if u ∈ Za then (Em · · · E1)(u|R−
) = (τ−αm u)|R−

. Since our
IVP is autonomous, it holds that D(τ−αm u) = f (τ−αm u) on R−.

Now, let em ∈ X∞

m be an orthonormal basis in Xm , such that if v ∈ Xm , then
〈v, em(n)〉Xm can be reconstructed from samples of v through a lower triangular system
of equations, as in Section 2.6. Recall that this implies that 〈v, em(1)〉Xm = bv(λ1),
where b = ‖em(1)‖2/em(1)(λ1) and λ1 ∈ R− does not depend on v. Also recall that
em(n)(λ1) = 0 if n ∈ Z+\{1}. Next, define

Qm : Xm−1 3 v 7→ 〈Emv, · 〉Xm − 〈em(1), · 〉Xm 〈Emv, em(1)〉Xm ∈ X∗

m

Bm : Xm × Xm 3 (v, e) 7→ 〈v, e〉Xm + 〈em(1), e〉Xm 〈Dv − f (v)− v, em(1)〉Xm ∈ K .

If u0 ∈ Z0 we can now reformulate (3.1) as in (3.24). Indeed, each sub-equation then
end up in a system of equations for (ξn)n∈Z+

∈ K∞

{
ξn − 〈Emum−1, em(n)〉Xm = 0 , n ∈ Z+\{1}(
D

∑
n∈Z+

ξnem(n)
)
(λ1) = f (ξ1em(1)(λ1)) .

(3.25)

The first equations are of course trivial, and the last one corresponds to the expression
(3.6), i.e. an equation on the BDF form (compare with (3.19)). Multistep methods
can now be derived by solving each sub-equation in a finite dimensional subspace
X ′

m = span{em(1), . . . , em(dm)}, where dm ∈ Z+.

Remark. If each finite dimensional subspace X ′

m has the same dimension d , discretiza-
tion means that we solve the original problem, i.e. (3.24), with discretized initial data
ũ0 =

∑d
n=1〈u0, e0(n)〉X0 e0(n).

Remark. It is of course possible to derive Adam–like methods, or other types of mul-
tistep methods, in a similar way. Indeed, every redefinition of Qm and Bm such that
(3.24) is equivalent with (1.1) in X will yield a multistep method.

The setting presented in this section might seem technical, but the underlying idea
is simple enough. Indeed, the principles are the same as those in numerical approxi-
mation of dynamical partial differential equations. The multistep methods given above
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Figure 3.1: Visualisation of a multistep method in a Galerkin setting.

can be seen as a numerical approximation to the problem

given u0 ∈ X

find w ∈ C 1(I × [0, a]) such that for all (s, t) ∈ I × [0, a]

w(s, 0) = u0(s)(
Dw(s, ·)

)
(t)+

(
Dw(·, t)

)
(s) = 0(

Dw(·, t)
)
(0)− f (w(0, t)) = 0 ,

(3.26)

i.e. a simple hyperbolic partial differential equation, with advanced boundary condi-
tion. This way to think of multistep methods is illustrated in Figure 3.1. Note that it is
not necessary that the past sampling points in each Xm corresponds to each other as in
the figure, but it is perhaps the most natural setting.

3.4 Error Concepts

One main advantage when multistep methods are derived from truncated sampling se-
ries is that the “difference” between the original equation and the discretized equation
is in some sense smaller then in the original setting. For instance, compare the formu-
lation (3.1) with (3.25). The latter obviously resembles the corresponding multistep
method more then the former. Generally, this means that the error analysis becomes
easier. We do not intend to give precise error estimates for specific methods, but in-
stead we formally identify general error concepts involved with the error analysis of



40 Chapter 3 Multistep Methods and Discretization

multistep methods. Subsequently, we begin with a short presentation of the most ele-
mentary concepts in error analysis, following the outline rendered by G. Söderlind in
[38].

3.4.1 Formality

Let X,Y be Banach spaces, F a map X → Y and E ⊂ X, R = F(E) ⊂ Y subsets such
that the map E 3 u 7→ F(u) ∈ R is bijective. Also, for each h ∈ J = (0, 1] we have
a corresponding map Gh : X → Y . Analogous, assume that for each h ∈ J the subset
Eh ⊂ G−1

h (R) is such that the map Eh 3 u 7→ Gh(u) ∈ R is bijective and its inverse is
computable. Now, our ambition is to approximate the well posed problem

given v ∈ R find u ∈ E such that

F(u) = v
(3.27)

(called an m–problem) by solving another well posed problem

given v ∈ R find ũ ∈ Eh such that

Gh(ũ) = v
(3.28)

for some h ∈ J (called an n–problem). We then have the following basic definitions.

Definition 3.1 (m–stability) The original problem (3.27) is called stable if F−1 is con-
tinuous on R.

Definition 3.2 (n–stability) The class of bijective maps (Gh)h∈J is called stable if its
class of inverses (G−1

h )h∈J on R is equi-continuous. That is for every ε ∈ R+ there is a
δ ∈ R+ such that ‖G−1

h (a)− G−1
h (b)‖X < ε whenever ‖a − b‖Y < δ, for a, b ∈ R and

h ∈ J.

Definition 3.3 (Residual map) For each h ∈ J, the corresponding residual map is the
map Rh : X 3 u 7→ F(u)− Gh(u) ∈ Y .

Definition 3.4 (Error map) For each h ∈ J, the corresponding error map is the map
Eh : R 3 v 7→ G−1

h (v)− F−1(v) ∈ Y .

Definition 3.5 (Consistency) The class (Gh)h∈J is called consistent at order p > 0
with respect to F if ‖Rh(u)‖Y = O(h p) as h → 0 for all u ∈ X.

Definition 3.6 (Convergence) The class (Gh)h∈J is called convergent at order p > 0
with respect to F if ‖Eh(v)‖Y = O(h p) as h → 0 for all v ∈ R.

As we have these definition we can now formally give a meaning to the proverb
“stability and consistency yields convergence”.
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Theorem 3.1 (Lax principle) If the class (Gh)h∈J of maps is stable, then consistency
with respect to F implies convergence with respect to F .

Proof. Let v ∈ R and u = F−1v. First we note that

Eh(v) = G−1
h (v)− F−1(v) = G−1

h (F(u))− u

= G−1
h (F(u))− G−1

h (Gh(u)) .
(3.29)

Since (Gh)h∈J is equi-continuous it follows that ‖Eh(v)‖X → 0 if ‖F(u)−Gh(u)‖Y →

0 as h → 0.

Accordingly, the crucial issue in error analysis is first to formulate the m–problem
and the class of n–problems, and second to prove stability and consistency. Note that
in order to estimate the error mere equi-continuity of (Gh)h∈J is not enough.

3.4.2 Application to Multistep Methods

Let us first give some general ideas on how error analysis can be carried out for prob-
lems of the type (3.24). After that we give an example, where we apply these ideas to
Example 3.6.

Let us formally carry out the error analysis of each sub-problem in (3.24). Conse-
quently, let m ∈ {1, . . . ,M}, then Xm corresponds to X in the previous subsection and
the dual space X∗

m corresponds to Y . Further, let Fm : Xm 3 u 7→ Bm(u, · ) ∈ X∗

m
be the map that corresponds to F and R ⊂ X∗

m and E ⊂ Xm subsets that fulfils the
prescribed requirements. We can now formulate the m:th sub-problem in accordance
with (3.27) as

given Qm(um−1) ∈ R

find um ∈ E such that

Fm(um) = Qm(um−1) .

(3.30)

Hence, we have defined an m–problem. The next step is to formulate a class of
n–problems. To this end, let Ph : Xm → Xm,h be a projection map (not necessar-
ily orthogonal) onto a finite dimensional subspace Xm,h . Then, let Gm,h for each h ∈ J
be the map Xm 3 u 7→ Fm(Ph(u)) ∈ X∗

m . This class of maps corresponds to (Gh)h∈J.
Assume Eh ⊂ Xm,h ∩ G−1

m,h(R) fulfils the necessary requirements. We can then formu-
late a class of n–problems as

given Qm(um−1) ∈ R

find ũm ∈ Eh such that

Gm,h(ũm) = Qm(um−1) .

(3.31)
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Consequently, all the error concepts introduced above can be identified and error anal-
ysis can be carried out.

Remark. Even though consistency, for a given sequence of sampling spaces, is well
defined formally in our framework, it can in practice yield quite different statements.
Indeed, the consistency concept essentially depends on: (i) the finite dimensional sub-
spaces (Xm,h)h∈J, (ii) the projections (Ph)h∈J and (iii) the norm in Y . In the example
below we show how the notion of consistency can vary.

Remark. Note that the error concepts introduced all concerns local analysis. In global
error analysis, i.e. the error analysis concerned with the outcome of the recursion in
(3.24), one has to consider local errors in conjunction with error propagation.

Example 3.7 In this example we adopt the same setting as in Example 3.6. Our objec-
tive is to identify the error concepts in the m:th sub-problem. As we in this sub-section
have identified the main parts in such an analysis, all that remains is to specify: R, Xm,h

and Ph . To this end, let R = Qm(τ−αm Zαm ). As mentioned above, depending on how
we set up Xm,h and Ph we get different consistency concepts. We give two such set-
tings. One which corresponds to the classical concept of consistency for multistep
methods, and one that corresponds to Galerkin methods.

Classical consistency Here, Xm,h have the same dimension d for all h ∈ J. The sub-
space Xm,h is a subspace which is spanned by d samples taken on a grid that
becomes uniformly denser as h → 0. Also, the norm in Y is replaced with the
seminorm Y 3 v 7→ |v

(
em(1)

)
| ∈ R+. Thus, consistency in this setting means

that if u ∈ X then |
(
Du − f (u)− D Phu + f (Phu)

)
(λ1)| → 0 as h → 0. This

corresponds to the usual consistency concept for LMMs (see [35, p. 9]).

Galerkin consistency In this setting, dim Xm,h ∼ 1/h and Ph means orthogonal pro-
jection onto Xm,h . Specifically, if n = 1/h then Xm,h = span{em(1), . . . , em(n)}.
Hence, consistency in this sense means that the residual becomes smaller as
more samples are used.
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FUTURE TOPICS AND CONCLUSIONS

– A mathematician, said old Weierstrass, who is not at the
same time a bit of a poet, will never be a full
mathematician.

Summary First, some topics which does not fit into this work, but which are never-
theless interesting. After that some conclusions on Chapter 2 and Chapter 3.

4.1 Future Work

As we have mentioned, the connection between sampling and numerical methods for
ODEs invokes questions that extends beyond the scope of this thesis. In addition, as
our objective with this work is to give ideas, there are many details that needs further
attention. The purpose of this section is to list some topics that might be interesting to
investigate in future work.

Extended collocation method In view of the connection between sampling the mul-
tistep methods it is motivated to ask why many steps are taken. Indeed, it seems
in some sense more logical to take only one step, i.e. to solve only one equation
e.g. derived from (3.18)

find (ξn)n∈Z+
∈ K∞ such that∑

n∈Z+

ξn(Ds3n )(λm) = f (u(λm)) , ∀ m ∈ Z+ ,

ξ1s31(λ1) = ξ0 ,

(4.1)

with f and ξ0 as in (3.1). In this sense we have an “extended collocation
method”, which is to be solved in only one step. A possible advantage of such a
method is that arbitrary accuracy perhaps could be achieved through a fix-point
iteration (e.g. as an inversion of a frame operator).

43
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Conditions on IVP In order to have a useful framework for multistep methods based
on sampling theory, it is of course essential to know for which IVPs the solution
belongs to some specified sampling space. This question has not been consid-
ered at all in this thesis.

Extent of Example 2.3 The sampling space used most frequently in Chapter 3 is, as
mentioned, Example 2.3. We have not examined the extent of this sampling
space in detail. A first thing would be to investigate in detail which entire func-
tions that are included.

Specific error bounds Section 3.4 contains a formal error analysis without any spe-
cific example. It is of course necessary to give individual error bounds e.g. for
the methods in Example 3.3–3.5 and compare these bounds with classical re-
sults.

4.2 Conclusions

We have seen that the field of multistep methods can be connected to sampling theory.
Indeed, through the examples in Chapter 3 we have given different approaches on how
multistep methods can be derived from various sampling formulas. In particular, all
the classical linear multistep methods, i.e. Adams methods and BDF–methods, can
be derived from the sampling series introduced in Example 2.3, with the advantage
over the backward difference expansions that extensions to non-uniform grids follows
intrinsically. Moreover, some ideas on how multistep methods can be presented in a
Galerkin–like outline has been given.

In Chapter 2 we have given two generalised sampling theorems, Theorem 2.5 and
Theorem 2.10, which can be used to construct sampling spaces. Also, based on a
generalisation of Newton’s divided differences, a general approach to past sampling
theorems on arbitrary grids have been presented in Section 2.6.
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