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Summary of master’s thesis

In the thesis, a new approach for derivation and analysis of multistep methods is presented.
The new approach connects the field of multistep methods to sampling theory. As the area
turned out to be very extensive, many details and open questions that came up during the
work are left out for future investigations. In this text a heuristic presentation of the main
ideas is given.

It is a known fact that linear multistep methods on regular grids can be derived through
truncation of an infinite series, given in terms of the backward difference operator (see e.g.
[?, p. 311]). The basic idea in the thesis is to view this infinite series as a sampling formula
and generalize the concept of truncation of a series to other sampling formulas. In particular
to sampling formulas for non-equi distant samples, which then yields multistep methods on
irregular grids. Pursuing these ideas, a new framework for multistep methods is given.
Roughly, the motivation for this framework is twofold.

1. An approach based on sampling theory is more general than the classical approach
based on polynomial interpolation and there is a natural extension to irregular grids.
Indeed, the sampling theory approach suggests several numerical methods (both time-
stepping methods and “fixed point methods”) all of which are easily adapted to irreg-
ular grids.

2. Deep results (e.g. estimates) in sampling theory might be used in order to analyse
the errors introduced with multistep methods. Also, through sampling theory the
framework of functional analysis enters the field of multistep methods in a convenient
and natural way.

For simplicity, we will in this text only consider BDF-like methods. However, by refor-
mulating theODEas an integral equation the framework also works for Adams-like methods
or for general multistep methods by a combination.

Basic idea Consider the ordinary differential equation

u̇(t) = f (u(t)) , u(0) = ξ0 , t ∈ R (1)
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where f is a vector field on a finite dimensional vector spaceV overR. Assume that the
solutionu can be expanded in a sampling series

u(t) =

∑
n∈Z+

ξnsn(t) (2)

wheresn are functionsR → V and eachξn can be given in terms of a linear combination
of a finite number of past samples ofu. Under certain convergence assumptions term-wise
derivation holds and substituting in (1) then yields∑

n∈Z+

ξnṡn(t) = f (u(t)) . (3)

Let U =
(
uk, u(tk−1), . . . , u(tk−M+1)

)
whereuk corresponds to the state at timetk andM

is the number of samples on which(ξn)
N
n=0 depends. Truncating the series above yields an

equation inu0 and thus a linear multistep method

N∑
n=0

ξn(U )ṡn(tk) = f (uk) . (4)

In practice the basis functionssn can only depend on a finite number of grid points.
For this reason, a good choice for the basis functions is given by introducing generalised
divided differences. Shortly, this means that we choosesn such thatsn(tk−m) = 0 if m < n
andsn(tk−n) 6= 0.
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