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This lab is a case study of the Kepler problem.

1 Description of the problem

The Kepler problem consists of finding the motion of two planets affecting each other by
gravitational force. We assume that the first planet (the sun) is not affected by the second
planet (the earth), which means that we may assume that the sun is located at the origin, and
the earth is at a position (q1, q2) ∈R2.

We give a Hamiltonian description of the problem. Thus, we need to specify a Hamiltonian
function on T ∗R2 ' R4, with global coordinates (q1, q2, p1, p2). First, the potential energy is
given by

V (q1, q2) =−
1
Æ

q2
1 + q2

2

where we have assumed that all constants, e.g., the gravitational constant, are equal to 1. Sec-
ond, the kinetic energy is given by

T (p1, p2) =
p2

1 + p2
2

2
.

Alltogether, the Hamiltonian is given by

H (q1, q2, p1, p2) = T (p1, p2)+V (q1, q2).

2 Lab

Task 1 Write down the governing equation for the Kepler Hamiltonian.
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Task 2 Implement the symplectic Euler method, given by

Φh = exp(hXV ) ◦ exp(hXT ),

in Matlab/Python (or any other coding environment). Try your code with initial data

q1(0) = 1− e , q2(0) = 0, p1(0) = 0, p2(0) =

È

1+ e

1− e
,

and step size h = 0.05 and 4000 steps. Plot the trajectory in the (q1, q2)–plane. What are
your observations? Reflect on your observations in relation to the KAM theorem. Is there a
contradiction or not? Plot the Hamiltonian function and the momentum map

M (q1, q2, p2, p3) = p1q2− p2q1.

What do you observe? How is this observation related to the KAM theorem?

Task 3 Try to solve the same problem using the explicit Euler method (or any other explicit
Runge-Kutta method). What do you observe? Argue why the perturbation introduced with
this discretisation is not KAM stable.
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