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1 Hamiltonian mechanics

A Lagrangian mechanical system is defined by a configuration manifold Q and Lagrangian
function. As we have seen, the principles and the form of the governing equations in La-
grangian mechanics are invariant with respect to transformations between local coordinates in
Q, or, if one likes, with respect to the group of diffeomorphisms on Q. We are not, however,
free to choose any coordinates on T Q: they must be the induced natural coordinates.

In Hamiltonian mechanics, a system is defined by a symplectic manifold M of dimension 2n
and a function H : M →R on it. The principles and the governing equations in Hamiltonian
mechanics are invariant with respect to all diffeomorphisms on M that preserve the symplectic
structure. Notably, this group of transformations is larger than Diff(Q).

∗klas.modin@chalmers.se. All rights reserved.
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1.1 Linear Hamiltonian systems

A symplectic vector space is an even dimensional real vector space equipped with a bi-linear
skew-symmetric nondegenerate form

Ω : V ×V →R. (1)

Recall that skew-symmetric means that Ω(u, v) = −Ω(v, u), and nondegenerate means that
for any element u ∈V it holds that Ω(u, v) = 0 for all v ∈V if and only if u = 0. The form Ω
is called a symplectic form on V .

The dual of the vector space V , denoted V ∗, is the vector space of linear forms on V . Thus,
an element α ∈V ∗ is a linear function α : V →R. Typically, one writes 〈α, u〉 instead of α(u),
and the map 〈·, ·〉 : V ∗ ×V → R is called the pairing between V ∗ and V . By identifying V
with R2n through a basis, one may think of elements in V as column vector and elements in
V ∗ as row vectors. The pairing is then given by matrix multiplication between row vectors
and column vectors.

The symplectic form Ω on V induces a linear map J : V →V ∗ defined by

〈J u, v〉=Ω(u, v).

One may always find a basis in V relative to which J is the matrix given by

J =
�

0 −I
I 0

�

.

Such a basis is called a canonical basis. From here on we fix such a basis, and we make no
distinction between V and R2n .

The symplectic group Sp(2n) is the Lie subgroup of GL(2n) given by

Sp(2n) = {S ∈GL(2n); S>J S = J }.

From the definition of J one can see that S ∈ Sp(2n) if and only if Ω(Su, Sv) = Ω(u, v) for
all u, v ∈ V , so a symplectic matrix preserves the symplectic form. That Sp(2n) is a group
follows since

(ST )>J ST = T >S>J ST = T >J T = J ,

if S,T ∈ Sp(2n). The corresponding Lie algebra is given by

sp(2n) = {A∈ gl(2n); J A+A>J = 0}.

In terms of the symplectic form, A ∈ sp(2n) if and only if Ω(Au, v) + Ω(u,Av) = 0 for all
u, v ∈V .

A linear Hamiltonian system on V is determined by a quadratic function H : V →R. That
is, a function which is of the form

H (x) =
1

2
x>B x ,
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where B ∈Rn×n is a symmetric matrix. The differential of H at x ∈V , denoted dH (x), is the
element in V ∗ given by

dH (x) = x>B

The corresponding linear Hamiltonian system is the autonomous ODE on V given by

ẋ = J−1dH (x). (2)

The map J−1dH is a linear map V →V . We denote the corresponding matrix by AH , i.e.,

AH = J−1dH = J−1B . (3)

Now, notice that

J AH = J J−1B = B = BJ−1J =−B>(J−1)>J =−(J−1B)>J =−A>H J ,

where we have used that B> = B and J> = −J . Thus, it holds that J AH + A>H J = 0, so
AH ∈ sp(2n). Likewise, one can show that any matrix A∈ sp(2n) is of the form (3) for some
quadratic Hamiltonian H on V . Thus, the flow of every linear Hamiltonian system belongs
to the symplectic group Sp(2n). What does this mean for the solution? Well, let γ (t , x0) be a
solution curve to (3) with initial data x0 ∈V . Then γ (t , x0) = exp(tAH )x0, so the flow fulfills

�∂ γ (t , x0)

∂ x0

�>
J
∂ γ (t , x0)

∂ x0
= J .

In the two dimensional case, i.e., n = 1, this means that the flow preserves area, so if O ⊂V is
some open subset, then the area of O is the same as the area of the subset

{exp(tAH )x ; x ∈O} ⊂V .

1.2 Hamiltonian systems on complex vector spaces and the Schrödinger equation

In this section, let (V , 〈〈·, ·〉〉) be a complex Hilbert space (finite or infinite dimensional). Recall
that a Schrödinger equation is an equation of the form

iħhψ̇=Hopψ, (4)

where i is the imaginary unit, ħh > 0 is the Planck constant, and Hop : V →V is a self-adjoint
linear operator, i.e., it fulfils 〈〈Hopψ,ϕ〉〉= 〈〈ψ, Hopϕ〉〉 for all ψ,ϕ ∈V .

Any complex Hilbert space (V , 〈〈·, ·〉〉) is automatically a symplectic vector spaces, with the
symplectic form

Ω(ψ,ϕ) =−2ħh Im〈〈ψ,ϕ〉〉.

Indeed, Ω is skew-symmetric since

Ω(ψ,ϕ) =−2ħh Im〈〈ψ,ϕ〉〉=−2ħh Im 〈〈ϕ,ψ〉〉= 2ħh Im〈〈ϕ,ψ〉〉=−Ω(ϕ,ψ).
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Recall that any complex Hilbert space also has structure of a real Hilbert space with the
inner product 〈〈ψ,ζ 〉〉R = Re〈〈ψ,ζ 〉〉. Taking this view point, it follows from the Riesz rep-
resentation theorem that the space of real linear forms V ∗R can be identified with V by the
pairing 〈〈·, ·〉〉R, so that every µ ∈V ∗R is of the form 〈µ,ψ〉= 〈〈µ̂,ψ〉〉R for some unique µ̂ ∈V .
Thus, the map J : V →V ∗R 'V is defined by

〈〈Jψ,ζ 〉〉R =Ω(ψ,ζ ) =−2ħh Im〈〈ψ,ζ 〉〉=Re〈〈2ħhiψ,ζ 〉〉= 〈〈2ħhiψ,ζ 〉〉R,

where we use that 〈〈iψ,ζ 〉〉= i〈〈ψ,ζ 〉〉 and Imiz =−Re z for any z ∈C. From this we see that

Jψ= 2iħhψ.

Let GL(V ) denote the linear automorphisms on V and gl(V ) the linear endomorphism on
V . In correspondence to the finite dimensional case, we define linear symplectic automor-
phisms and linear infinitesimal symplectic endomorphisms as

Sp(V ) = {S ∈GL(V ); Ω(Su, Sv) = Ω(u, v),∀u, v ∈V },

and
sp(V ) = {A∈ gl(V ); Ω(Au, v)+Ω(u,Av) = 0,∀u, v ∈V }.

Thus, a linear Hamiltonian system on V is a system of the form

ψ̇=Aψ, A∈ sp(V ).

Now, the Schrödinger equation (4) is actually of this form, with

Aψ=
−i

ħh
Hopψ= J−1∇Hψ,

where H is the quadratic Hamiltonian given by

H (ψ) = ħh〈〈iAψ,ψ〉〉= 〈〈Hopψ,ψ〉〉. (5)

Indeed, it follows that A∈ sp(V ) since

Ω(Aψ,ζ ) = 2Im〈〈iHopψ,ζ 〉〉= 2Im〈〈Hopψ,−iζ 〉〉
= 2Im〈〈ψ,−iHopζ 〉〉=−2Im〈〈ψ, iHopζ 〉〉
=−Ω(ψ,Aζ ).

This means that the Schrödiner equation (4) is a linear Hamiltonian system. The value of the
Hamiltonian H (ψ) has the quantum physical interpretation as the expected value of Hop at ψ.

In addition to being Hamiltonian, the Schrödinger equation has another structural property
which follows from the fact that Hop is self-adjoint. This is because the space of skew-adjoint
operators on V

u(V ) = {A∈ gl(V ); 〈〈Aψ,ζ 〉〉=−〈〈ψ,Aζ 〉〉}
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forms a subalgebra u(V )⊂ gl(V ). Indeed, if A,B ∈ u(V ), then

〈〈(AB −BA)ψ,ζ 〉〉=−〈〈Bψ,Aζ 〉〉+ 〈〈Aψ,Bζ 〉〉=−〈〈ψ, (AB −BA)ζ 〉〉.

Now, if A = − i
ħh Hop, then the self-adjointness of Hop implies that A ∈ u(V ). In fact, any

A∈ u(V ) is of that form, which also shows that u(V ) is a subalgebra of sp(V ). The Lie group
corresponding to u(V ) is given by the unitary automorphisms

U(V ) = {T ∈GL(V ); 〈〈Tψ,T ζ 〉〉= 〈〈ψ,ζ 〉〉, ∀ψ,ζ ∈V }. (6)

Thus, in addition to conserving the Hamiltonian function (5), the flow of the Schrödinger
equation (4) also fulfils that

〈〈exp
�−i

2ħh
Hop

�

ψ, exp
�−i

2ħh
Hop

�

ψ〉〉= 〈〈ψ,ψ〉〉= ‖ψ‖2,

which means that the flow is norm preserving. The quatum physical interpretation is that the
flow preserves the total probability of the wave function (which is set to 1 by the initial data).

Exercise 1.1. Show by direct calculations that the flow of the Schrödinger equation (4) is norm
preserving.

Remark 1.2. In the special case V = Cn , the Lie group U(V ) is denoted U(n) and is called
the unitary group. As a real Lie group, i.e., as a subgroup of GL(2n,R), it has dimension n2. It
holds that U(n) =O(2n)∩ Sp(2n)∩GL(n,C).

1.3 Hamiltonian systems on symplectic manifolds

Let M be an even dimensional manifold. A differential 2–form on a M is a field of skew sym-
metric bilinear forms (one on each tangent space). That is, to each tangent space Tz M , a
bilinear skew symmetric form Ωz : Tz M × Tz M → R is associated. Just as for symmetric bi-
linear tensor fields, the 2–form is called non-degenerate if, for each z ∈M and each u ∈ Tz M , it
holds that if Ωz (u, v) = 0 for all v ∈ Tz M , then u = 0.

Definition 1.3. A symplectic manifold is a manifold M together with a non-degenerate closed
differential 2–form Ω on it. The form Ω is called a symplectic form on M .

That Ω is closed means that it fulfils a certain integrability condition, which, in terms of
the exterior derivative, is written dΩ = 0. In this course we will not discuss in detail what
this condition is. Instead, we will focus on a particular class of symplectic manifold, where
the closedness of the symplectic form is automatic. Indeed, if Q is the configuration space
of a mechanical system, then we consider the case M = T ∗Q, i.e., the co-tangent bundle of
Q. Recall from a previous lecture that coordinates (q1, . . . , qn) on Q induce canonical coor-
dinates (q1, . . . , qn , p1, . . . , pn) on T ∗Q by assigning to each co-tangent bundle T ∗z Q the basis
dq1, . . . , dqn . Now, the canonical symplectic form on T ∗Q is, in canonical coordinates, given
by

Ω=
n
∑

i=1

dq i ∧ d pi ,
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where dq i ∧ d pi = dq i ⊕ d pi − d pi ⊕ dq i . Notice that Ω(q,p) is a bi-linear map taking vectors
in T(q,p)T

∗Q, which is the 2n dimensional vector space with elements of the form

u =
n
∑

i

�

q̇ i ∂

∂ q i
+ ṗi

∂

∂ pi

�

,

where (q1, . . . , qn , p1, . . . , pn , q̇1, . . . , q̇n , ṗ1, . . . , ṗn) are natural coordinates on T T ∗Q.
Just as an inner product on a vector space V induces an isomorphism V → V ∗, the form

Ωz , being non-degenerate, induces an isomorphism J (z) : Tz M → T ∗z M by

〈J (z)u, v〉=Ωz (u, v) . (7)

In the case M = T ∗Q the map J (q, p) is given by the constant matrix

J (q, p) =
�

0 −I
I 0

�

.

That is, in the coordinates described above it holds that J (q, p)(q̇, ṗ) = (−ṗ, q̇).
Let ϕ ∈ Diff(M ) be a diffeomorphism. The pullback ϕ∗Ω of the symplectic form Ω on M is

another differential 2–forms on M defined by

(ϕ∗Ω)z (v, w) = Ωϕ(z)(Tzϕ v,Tzϕw) .

Definition 1.4. Let (M ,Ω) be a symplectic manifold. A map ϕ ∈ Diff(M ) is called symplectic
(or sometimes canonical) if it preserves the symplectic form Ω. That is ϕ∗Ω=Ω.

The concept of symplectic diffeomorphisms (sometimes called symplectomorphisms) is the
non-linear correspondence of linear symplectic matrices in Sp(2n). The set of all symplectic
diffeomorphisms, denoted DiffΩ(M ), is a subgroup of Diff(M ). Indeed, if ϕ,ψ ∈ DiffΩ(M )
then one can check that

(ψ ◦ϕ)∗Ω= ϕ∗(ψ∗Ω) = ϕ∗Ω=Ω.

Exercise 1.5. Show that (ψ ◦ϕ)∗Ω= ϕ∗(ψ∗Ω).

Recall from previous lectures that one might think of Diff(M ) as an infinite dimensional
Lie group, whose Lie algebra is given by the space of vector fields X(M ). Likewise, we may
think of DiffΩ(M ) as a Lie subgroup of Diff(M ). Which is the corresponding Lie subalgebra
of X(M ) ? Under certain conditions on M (that its first cohomology group is trivial) one can
show that the Lie algebra of DiffΩ(M ) is given by the Hamiltonian vector fields. These are
vector fields of the form

XH (z) = J (z)−1dH (z) ,

where H ∈ F(M ) is called the Hamiltonian function. The subspace of such vector fields is
denoted XΩ(M ). One can check that this subspace is closed under the vector field commutator
bracket, i.e., if XH ,XF ∈XΩ(M ), then [XH ,XF ] ∈XΩ(M ).

The governing equation of motion for a Hamiltonian system, called Hamilton’s equation, is
given by

ż =XH (z) . (8)
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Since XΩ(M ) is a subalgebra, it holds that the flow of a Hamiltonian system preserves the
symplectic form:

exp(tXH )
∗Ω=Ω.

In addition to preservation of symplecticity, Hamiltonian systems also have another conserva-
tion law “built in”, namely conservation of the Hamiltonian (which typically, in applications,
has the meaning of total energy of the system). Indeed,

dH (z)

dt
=
®

dH (z),
dz

dt

¸

= 〈J (z)XH (z),XH (z)〉=Ωz (XH (z),XH (z)) = 0 ,

where the last equality follows from the skew-symmetry of Ω. As a straightforward generali-
sation of this result, notice that any real valued function I on M such that Ω(XI ,XH ) = 0 is a
first integral of (8).

Remark 1.6. The symplectic form induces a bilinear map F(M )×F(M )→ F(M ) by

{H , I }(z) = Ωz (XI (z),XH (z)) (9)

called the Poisson bracket. A function I is a first integral of the Hamiltonian system with
Hamiltonian function H if and only if {H , I }= 0.

For the case M = T ∗Q, with canonical coordinates, Hamilton’s equation takes the form

q̇ =
∂ H

∂ p
(q, p), ṗ =−

∂ H

∂ q
(q, p).

Just as in the linear case, symplecticity of the flow in the 2 dimensional case means that the
area in phase space is conserved by the flow.

1.4 The Legendre transformation

The relation between Lagrangian and Hamiltonian mechanics is via the Legendre transforma-
tion, which takes a Lagrangian system on T Q and transforms it into a Hamiltonian system on
T ∗Q. It is defined by the map

T Q 3 vq 7→
d

dε

�

�

�

�

�

ε=0

L(vq + ε · ) ∈ T ∗Q . (10)

In natural coordinates on T Q and corresponding canonical coordinates on T ∗Q it takes the
form

(q, q̇) 7→
�

q,
∂ L(q, q̇)

∂ q̇

�

= (q, p) . (11)

Notice that this is an isomorphism if and only if q̇ is a well defined function of (q, p), i.e., if
∂ L(q, q̇)/∂ q̇ as a map TqQ→ T ∗q Q is invertible. Such Lagrangians are called regular.

For a Lagrangian system with a regular Lagrangian function, the Legendre transforma-
tion takes the Euler–Lagrange equations into a Hamiltonian system with Hamiltonian func-
tion H (q, p) = p · q̇ − L(q, q̇).
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Exercise 1.7. Let Q =Rn and let L(q, q̇) be a Lagrangian function of the form

L(q, q̇) =
q̇>M (q)q

2
−V (q).

where M (q) is a symmetric positive definite n×n matrix for each q ∈Rn . Compute the Legen-
dre transformation for this Lagrangian system and write down the corresponding Hamiltonian
system in terms of the canonical variables (q, p).

2 Study: numerical integration of the nonlinear pendulum

Given a nonlinear dynamical system
ż =X (z) (12)

on a manifold M , a numerical one-step integrator for (12) is a map, Φh ∈ Diff(M ), depending
smoothly on h, such that

Φh (z)− exp(hX )(z) =O(h r+1),

where r ≥ 1 is the local order of the integrator. If M is a vector space, the most straightforward
numerical integrator is given by

Φh (z) = z + hX (z).

This integrator has local order 1.
The nonlinear pendulum can be expressed as a Hamiltonian system on the phase space

M = T ∗R'R2 with canonical coordinates (q , p). The Hamiltonian function is

H (q , p) =
p2

2
− cos(q) . (13)

An integrator Φh is called a symplectic integrator if Φh ∈ DiffΩ(M ). If we integrate the
problem (13) with two different methods: one non-symplectic method and one symplectic
method we get very different results, even though the methods have the same local order. A
phase diagram of the results are shown in Figure 1. Notice that the non-symplectic trajectory
quickly drifts away from the exact phase curve, whereas the symplectic trajectory stays close
to it without any sign of drift-off. Geometrically the exact phase diagram of (13) is the energy
level set {(q , p) ∈ R2 ; H (q , p) = H0}. Thus, Figure 1 suggests that the energy is nearly
conserved for the symplectic method, which indeed is the case as is illustrated in Figure 2. In
addition, we see in Figure 3 that the global error grows significantly slower for the symplectic
method. How can we explain these results?

The classical approach for error analysis of numerical integrators is based on the propaga-
tion of local errors (see e.g. the classical volume [1, Sect. II.3]). However, the estimates used in
this type of analysis are not sufficiently elaborate to explain the superiority of the symplectic
method. Indeed, the Euclidean norm of the local error map Φh − exph along the trajectory of
each of the methods are of the same magnitude, as is shown in Figure 4. Thus, the superiority
of the symplectic integrator must be due to cancellation of local errors. This cancellation is
not taken into account in the classical error analysis.
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Phase diagram for non-linear pendulum problem
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Figure 1: Phase diagram for non-linear pendulum problem integrated with a non-symplectic
and a symplectic (symplectic) method. The symplectic method stays close to the
exact curve, whereas the non-symplectic method drifts away from it.

Energy for non-linear pendulum problem
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Figure 2: Energy behaviour for the non-symplectic and symplectic method. The symplectic
method nearly conserves the energy, whereas the non-symplectic method introduces
a significant numerical dissipation.
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Global error for non-linear pendulum problem
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Figure 3: Euclidean norm of global error for the non-symplectic and symplectic method. The
error grows considerably slower for the symplectic method.

Local errors for non-linear pendulum problem
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Figure 4: Euclidean norm of the local error at each step for the non-symplectic and symplectic
method. The errors are of the same magnitude. Thus, standard numerical error
analysis can not be used to explain the superiority of the symplectic method.
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Instead, the right tool to understand the beneficial behaviour of the symplectic method is
backward error analysis. We now sketch such an analysis. Notice that the phase space trajec-
tory {z0, z1, . . .} for the symplectic method (in Figure 1) seems to stay on a perturbed level set,
close to the correct level set. This observation suggests that there exists a modified Hamilto-
nian function eH such that {z0, z1, . . .} stays on its level set {z ∈R2 ; eH (z ) =H0}. Indeed, since
the numerical method is symplectic, i.e., an element in the Lie subgroup DiffΩ(R2), it corre-
sponds (at least formally) to the exact integral of a modified vector field X̃ in the corresponding
Lie subalgebra XΩ(R2). Since XΩ(R2) is isomorphic as a Lie algebra, up to a constant, to F(R2)
equipped with the Poisson bracket, it holds that every vector field in XΩ(R2) is generated by
corresponding Hamiltonian function in F(R2). Thus, ż = X̃ (z ) is a Hamiltonian system for a
modified Hamiltonian function H̃ . In other words, the numerical solution {z0, z1, . . .} is given
by the exact flow of the modified Hamiltonian system ż =XH̃ (z ), so that z k = exp(k hXH̃ )z0.
This is the essence of backward error analysis!
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