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1 Rigid body equation

You have probably seen the equations describing the motion of a rigid body, namely

I Ω̇= IΩ×Ω+M ext (1)

where Ω= (Ω1,Ω2,Ω3) ∈R3 is the angular velocity of the body,

I =







I11 I12 I13
I12 I22 I23
I13 I23 I33







is the moments of inertia matrix (which is symmetric and positive definite), and M ext =M ext(t )
is the external moments applied to the body. The equations (1) were derived by Euler in
17??,and are therefore sometimes called the Euler equations of a rigid body.

Notice that equation (1) is not of the form of an Euler–Lagrange equation, as we have dis-
cussed before. Nevertheless, the rigid body is a mechanical system, so somehow it should be
possible to derive its governing equations starting with just a Lagrangian function on the tan-
gent bundle of some configuration space. In the remainder of this section we are interested
in deriving equation (1) as a Lagrangian system. For simplicity we assume that there are no

∗klas.modin@chalmers.se. All rights reserved.

1



1
3

2

4

Figure 1: The dimension of the configuration space of the particles 1,2,3 constrained to stay
at fixed distances from each other is 3 · 3− 3 = 6. If a fourth particle is added to
the system, then the number of degrees of freedom increases by 3, but at the same
time 3 additional constraints are needed (the dotted lines), so the dimension of the
configuration space of the particles 1,2,3,4 is still 6.

X
B

A(t )X + r (t )

Figure 2: A motion curve t 7→ (r (t ),A(t )) ∈ R3 × SO(3) of a rigid body takes points X ∈ B

into points A(t )X + r (t ) ∈R3.

external moments, i.e., M ext = 0. This corresponds to a free rigid body. As we will see, Euler’s
free rigid body equations correspond to a geodesic equation on the Lie group SO(3) of rotation
matrices.

To start with, we think of a reference configuration of a rigid body as a compact and con-
nected subset B ⊂ R3 (more precicely, we require that B is measurable with finite volume).
Thus, we may think of a rigid body as an infinite number of points in R3. However, there are
also an infinite number of constraints on the motion of these points: the distance between any
two points is preserved during the motion of the body. Consider a system consisting of 3 par-
ticles and assume that the distance between them is fixed. This is a constrained system, where
the number of constraints are 3 and the original dimension is 3 · 3 = 9, so the dimension of
the constraint manifold is 9− 3= 6. Now, assume we add another particle to the system. The
dimension of the system then increases by 3, but at the same time 3 additional constraints are
needed in order to “hold the particle fixed” in relation to the other particles. Thus, no matter
how many particles we add to the system, the dimension of the constraint manifold will still
be 6 (see Figure 1). Hence, the dimension of the configuration space for a rigid body is 6. Fur-
thermore, since a motion is a continuous curve, we need only consider connected parts of the
constraint manifold, i.e., we rule out reflections. All in all, this implies that the configuration
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space of a rigid body is the space of translations and rotations, i.e., Q =R3oSO(3). A motion
curve t 7→ (r (t ),A(t )) thus takes a point X ∈B into A(t )X + r (t ), as is illustrated in Figure 2.

Remark 1.1. Recall from earlier that the space of rotation matrices SO(3) is called the special
orthogonal group. It is a three dimensional matrix Lie group.

Remark 1.2. The space of translations and rotations R3oSO(3) is called the special Euclidean
group and is denoted SE(3). It is a six dimensional Lie group, with group multiplication given
by ((a,A), (b,B)) 7→ (a+Ab,AB).

So, the next step is to specify the Lagrangian on T (R3×SO(3))' TR3×T SO(3) for the free
rigid body. Since there is no external force field, there is no potential energy in the system.
That is, all the energy consists of kinetic energy. A small particle on the body, situated at
x = AX + r for some reference position X ∈ B and some configuration (r ,A) ∈ R3o SO(3),
has kinetic energy 1

2ρ(X )|ẋ |
2dX , where ρ(X ) is the density of the mass of the body at position

X in reference configuration, and dX is the infinitesimal volume associated with X . Since
ẋ = ȦX + ṙ , it follows that the total kinetic energy, constituting the Lagrangian function, is

L(r ,A, ṙ , Ȧ) =
1

2

∫

B

ρ(X )|ȦX + ṙ |2dX . (2)

If the origin X = 0 is placed at the centre of mass of the body we have

L(r ,A, ṙ , Ȧ) =
1

2

∫

B

ρ(X )
�

|ȦX |2+ 2ȦX · ṙ + |ṙ |2
�

dX

=
1

2

∫

B

ρ(X )|ȦX |2 dX +
m

2
|ṙ |2 ,

(3)

where m is the total mass of the body. Thus, the translational motion and the rotational
motion of the centre of mass are decoupled and can be solved for independent of each other.
The Euler–Lagrange equation for the translation variable r is trivial: m r̈ = 0. Therefore, we
are only interested in the evolution of the variable A∈ SO(3), which is non-trivial since SO(3)
is not a vector space, so Ȧ∈ TASO(3) depends on the base point A. We are thus interested in
the Lagrangian system on T SO(3) with Lagrangian

L(A, Ȧ) =
1

2

∫

B

ρ(X )|ȦX |2 dX . (4)

Now, notice two remarable features of this Lagrangian: (i) the configuration space is a left
symmetry group! That is, if B ∈ SO(3), then L(BA,BȦ) = L(A, Ȧ), which follows since B is
a rotation matrix, so |BȦX | = |ȦX |. Secondly: (ii) the Lagrangian L is quadratic in Ȧ and
positive definite, so it defines a left invariant Riemannian metric on SO(3)!

By introducing coordinates in SO(3) (typically three angles, sometimes called Euler angles),
the governing equations for the free rigid body are obtained by the Euler–Lagrange equations,
discussed earlier. However, since SO(3) is a genuine manifold, i.e., it can not be equipped
with a global coordinate system, the resulting differential equations contain singularities. If
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the motion of the body stays only on a small portion of the phase space, e.g. close to a stable
equilibrium, this is not a problem as the singularities then can be avoided. On the other hand,
if all types of rotations occur in the motion, this matter has to be taken into account. We give
a list of possible options:

1. To reparametrise the SO(3)–part of the configuration space during the integration of
the governing equations. That is, to alternate between different coordinate charts.

2. To embed the SO(3)–part in a larger dimensional vector space Rn , with n > 3, and
consider a corresponding constrained system. For example, by using quaternions SO(3)
may be embedded in R4. An embedding η : SO(3)→Rn defines a submanifold C ⊂Rn

to which the solution is constrained. Thus, a constrained Lagrangian system is obtained.

3. To utilise that SO(3) is parallelisable (as is any Lie group), and that the system has SO(3)
as a left symmetry. Parallelisable means that the tangent bundle T SO(3) is isomorphic,
as a manifold, to SO(3) × so(3). The isomorphism is given by left translation of Ȧ
to so(3)

T SO(3) 3 (A, Ȧ) 7→ (A,T LA−1Ȧ) = (A,A−1Ȧ) = (A, Ω̂) ∈ SO(3)× so(3) ,

where Ω̂ is the body angular velocity, i.e., the angular velocity as seen from the body
frame of reference. Alternatively one may use right translation

T SO(3) 3 (A, Ȧ) 7→ (A,T RA−1Ȧ) = (A, ȦA−1) = (A,ω̂) ∈ SO(3)× so(3) ,

where ω̂ is the spatial angular velocity, i.e., the angular velocity as seen from the spatial
frame of reference.

We shall concentrate on the last of these options. Thus, our mission is to write down the
governing equations for the free rigid body in the coordinates (A, Ω̂) ∈ SO(3)× so(3). First,
from left invariance it follows that the Lagrangian (4) expressed in these variables is

l (A, Ω̂) =
∫

B

ρ(X )|Ω̂X |2 dX .

Notice that l is independent of A and quadratic in Ω̂. Recall that the Lie algebra so(3) is the
space of skew symmetric 3× 3–matrices. This is a three dimensional vector space, which can
be identified with R3 by

Ω̂=







0 Ω1 Ω2
−Ω1 0 Ω3
−Ω2, −Ω3 0






↔Ω=







Ω1
Ω2
Ω3






(5)

Using standard notation, elements in so(3) are denoted with a hat, e.g. Ω̂, and its corre-
sponding element in R3 without the hat, e.g. Ω. As so(3) is a matrix subgroup its Lie bracket
is given by the matrix commutator [ω̂1,ω̂2] = ω̂1ω̂2− ω̂2ω̂1. The corresponding operation
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in R3 is given by the cross productω1×ω2. Furthermore, it holds that ω̂1ω2 =ω1×ω2, so
the Lagrangian expressed in (A,Ω) becomes

l (A,Ω) =
∫

B

ρ(X )|Ω×X |2 dX .

Since l is quadratic in Ω, it can be written l (Ω) = Ω>IΩ, where I ∈ R3×3 is exactly the
moments of inertia tensor.

Now, in the variables (A,Ω) ∈ SO(3)×R3 the governing equations take the form

d

dt

∂ l

∂ Ω
=
∂ l

∂ Ω
×Ω

Ȧ=AΩ̂.

The first equation can be derived directly from a change of variables in the variational principle
(we will derive it later). The second equation follows directly from the definition of Ω̂. Now
notice: the first part of the equation is given by the familiar rigid body equations (1)!
This follows since ∂ l

∂ Ω = IΩ. The second part of the equation is sometimes called the recon-
struction equation: it reconstructs the orientation of the body, given its angular momentum as
a function of time.

Recall that the original rigid body Lagrangian (4) can be interpreted as a left invariant Rie-
mannian metric on SO(3). Thus: the rigid body equation is a geodesic equation! Such a
viewpoint gives an insight to the dynamics by studying geometric concepts such as curvature.

In the next lecture we will see that this construction, namely to consider left/right invariant
metrics on Lie groups, is a general construction leading to so called generalised Euler equations.
This class of equations include many governing equations in physics, both ODEs and PDEs.
In particular, the motion of an inviscid perfect fluid, which was discovered by Arnold in 1966.
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